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e Mathematical Induction
e Weak Induction
e Strong Induction

e Inductive Definition

Mathematical Induction

e Common method of proof based on a “strong”
property of the integers.

e Formal approach uses a predicate whose variable will
take on integral values.

e There are two general versions:
— weak induction

— strong induction
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Example:

NVQQV : H+m+...+3ngm+‘c

Mathematical Induction can be used to establish that
P(1), P(2),

P(3),... (an infinite sequence of statements)

are all true.

Weak Induction Proof Format

1. Establish the predicate P(n).
2. Show that a “base case”, P(b), is true — typically P(1).

3. Make the inductive assumption: for some fixed
arbitrary integer k > b , P(k) is true.

4. Using the inductive assumption, show it then follows
that P(k + 1) is true.
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Why are they all true?

You showed:
e P(b) is true.
e When k >b, P(k)FP(k+1)

Truth Has Been Established Sequentially

( Whenk>b, P(k)FP(k+1) )

Since b > b and P(b) is true , P(b+ 1) is true.

Since b+ 1> b and P(b+ 1) is true , P(b + 2) is true.

Since b+ 2 > b and P(b+ 2) is true , P(b + 3) is true.
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It’s Like Dominoes

( Whenk>b, Pk)FPk+1) )

P®) P(b+1) P(b+?2)
H H H
P®) b H H
PO FPb+1) D H
PO+1)FPb+2) o m s

Induction Example:

mroioS::LiT:gnF@ﬁc

Proof (by induction)
Define

P(n) : H+w+...+3H§.|A§m+|C
Consider
P(1) - HHEME.

Since H|Gm+|: =121, P(1) is true.
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Let k be an arbitrary fixed integer such that k > 1.

Assume P(k) is true. Thus, for this k,
1424 h=bE+D

Consider
Plh+1) : 1424+ (k+1)=ErD (D)

I+2+- -+ (k+1)=(14+24---+k )+ (k+1).
And, by the inductive assumption,

(1+2+- 4k )+(k+1l)= —5—

Bt 4 (h4).

So,
I+24--+(k+1)= Em@ +(k+1)=

+1) 2kt l) (b 1) (ht2)

Thus, P(k) being true implies P(k 4 1) is true.
Hence by induction, P(n) is true for all n > 1.
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Strong Mathematical Induction

Sometimes it is extremely difficult (perhaps impossi-

ble) to simply establish that
P(k)+ P(k+1)

It may be that the (assumed) truth of all of the state-
ments

P®b),P(b+1),...,Pk),

not just the (assumed) truth of P(k), is necessary to
show that P(k + 1) is true.

This expanded need is reflected in a change in the

inductive assumption for strong mathematical in-

duction.
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Strong Induction Proof Format

1. Establish the predicate P(n).

2. Show that a “base case”, P(b), is true — typically P(1).

3. Make the inductive assumption: for some fixed
arbitrary integer k > b, P(b), P(b+1),..., P(k) are
all true.

4. Using the inductive assumption, show it then follows
that P(k + 1) is true.

Truth Has Been Established Sequentially

( Whenk>b, P()A...APKk)FPk+1) )

P(b) is true.
Since b > b and P(b) is true, P(b+ 1) is true.

Since b+ 1 > b and P(b) and P(b+ 1) are true, P(b+ 2)
is true.

Since b+ 2 > b and P(b) , P(b+1) , and P(b+ 2) are
true, P(b+ 3) is true.
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Inductive Definition

Sequences can be defined by first specifying values for
“base cases” or starting values and giving an inductive
formula by means of which the values can be extended
further in the sequence.

Example - Fibonacci numbers

i =1
fo =1
For n >3, fo = fao1+ fanoe

Fibonacci numbers

.\.H ”.\.w = HJMOHS\NWJ .\.ﬁ = .\.‘;\HlT.\.S\m

1 1

1 1 1+1=2

1 1 2 1+2=3

1 1 2 3 2+3=5

1 1 2 3 S 3+5=8
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Example - 2" - 1041

A = 6
Ay, = 11
For n>3, A, = 3A,_1—2A,_

Example - 2" - 10+ 1

\f”@ \wwHHH 5 for 3Nw \p@ = w\w@\plw\wﬁ\m

Al A As Ay As

6 11

6 11 33-12=21

6 11 21 63-22=41

6 11 21 41 123-42=81
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10

Example

Prove that for any n greater than or equal to 2, n is a

prime number or a product of prime numbers.

Proof by strong induction is appropriate together with
proof by cases.




