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and

O .
10v % = lem{10, 3} = 30. -~

Hence, 3 is a complement of 10 in this lattice.

REMARK 3.2.46 » ¥or any positive integer », we can construct the lattice (D,, <), where D, is the
: set of all positive divisors of n, @ < b if and only if @ divides 4. In the lattice,
aV b=lub{a, b} = lem{a, b} and a A b = glb{a, b} = gcd{a, b} forany a, b € Dy.

Proof: Let a € L. Suppose b, ¢ are two complements of ¢ in L. Then a Vv b=1,
anb=0,ave¢=1andaA¢=0Hence,avb=aVv canda A & = a A ¢.Then,
by Theorem 3.2.42, it follows that b =¢. =

We now introduce the definition of Boolean algebra, named after the famous
mathematician George Boole (1813-1864). Boole tried to formalize the process
of logical reasoning using symbols instead of words. There are several equivalent
definitions of Boolean algebra. Here we define Boolean algebra with the help of
a lattice,

L DEFINITION 3.2.48 » A distributive lattice (L, <) with the greatest element 1 and the least element 0 is
called a Boolean algebra if cvery element has a complement in L.

From the above theorem, it follows that in a Boolean algebra (L, <) every
element a € L has a unique complement. The complement of & in L is denoted
by a'.

BTV LTIT N RE] Lot P(S) be the set of all subsets of a nonempty sct S. Then (P(S), <) is a poset,
£ where A < Bifand onlyif A € B,forall A, B € P(S). This poset is a lattice, where
AVB=AUBand AA B = AN B,forall A, B € P(S). The subset § is the greatest
element 1, and the empty subset @ is the least element {. Also, for each A € P(S5),
the set complement of A in § is the complement of A in this lattice. Hence, the
lattice (P(S), <) is a Boolean algebra. We will discuss more about Boolean algebra

in Chapter 12.

WoRKED-QuT EXERCISES

Xercise 1: Foreach of the following relations, draw the di- (c) (8, R),where § ={1,5,6,8, 10} and R denotes the rela-
h. Determine which are antisymmetric. Also determine tion

ch are partial orders R=1{(1,1),(5,5).(6,6), (8,8), (10 10), (1,6)(8,6), (6, 1)}
(S; R), where S = {2, 6,8, 10, 20} and R denotes the di- T SRR AL L AR AR TR A T T
visibility relation )

“ (8, R), where S = {1,5,6,8,10} and R denotes the rela- Solution:

- tion (a) Here R ={(2,2), (6,6), (8,8), (10,10), (20,20}, (2,6),
(2,8), (2,10), (2,20), (10,20}}. Because {(a,4) € R, for

; = {(1,1), (5,5), (6,6),(8,8), (10, 10), (1,5}, (5, 6), (1, 6)}
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all a € §, the relation is reflexive. There are no distinct
elements @, b € S such that {«,b) € R and (b, a) € R.
Hence, the relation is antsymmetric. The relation is
also transitive, because if (z, ) € Rand (b, ¢) € R, then
(a,c} € R for all 4, b, ¢ € S. Hence, the relation Risa
partial order. The digraph of this relation is shown in
Figure 3.27(2).

(b) Because (a,a) € R, for all a € §, the relation is reflex-
ive. There are no distinct elements a4, & € S such that
(a,b) € R and (b, a) € R. Hence, the relation is anti-

symmetric. The relation is also transitive, because if

(a,b) € Rand (b,c) € R, then (s,¢) € Rforalla, b, ¢ €
5. Hence, the relation R is a partial order. The digraph
of this relation is shown in Figure 3.27(b).

(c) Because (a,a) € R, for all a € §, the relation is re-
flexive. This relation is not antisymmeétric, because
(1,6),(6,1) € R, but 1 # 6. Hence, this relation is also
nota partial order. The digraph of thisrelation isshown
in Figure 3.27(c).

B
{c)
FIGURE 3.27 Digraphs

Exercise2: Let S={1,2, 3} and T be the set of all proper
nonempty subsets of S. In the poset (T, =), where < is the
set inclusion relation. Draw the digraph of the relation <
and the Hasse diagram of the poset. Find the maximal and
minimal elements.

Solution: The digraph is shown in the Figure 3.28(a), and
the Hasse diagram is shown in Figure 3.28(b}.

{1, 2} {1, 3} (2,31
i 12} {3}
(a) {(b)

FIGURE 3.28 Digraph and Hasse diagram of § = {1,2, 3}

In this poset, {1},{2}, and {3} are minimal elements, and
{1,2}, (1,3}, {2, 3} are maximal elements.

Exercise 3: Drawthe digraph of the divisibility relation and
the Hasse Diagram of the poset (Do, ).

Solution: We have
Dy ={1,2,4,5,10, 20}

The digraph is shown in Figure 3.29(a}, and the Hasse dia-
gram is shown in Figure 3.29(b). '

20

(a)
FIGURE 3.29 Digraph and Hasse diagram of Dy

Exercise 4: Define a relation R on the set Z of all integers
by m R n if and only if m® = »?. Is R a partial order?

Solution: Because m? = m?® forall m € Z, itfollows that the
relation is reflexive. Now (2)? = (—2)? implies that 2 R (—2)
and (—2) R2, but —2 # 2. Hence, R is not antisymmetric,
and therefore R is not a partial order.

Exercise5: Let (5, <) and (S, <3) be two posets, where
S ={1,2,4}, & = {1,2;3,6}, and both the relations <;, <p
are divisibility relations. With respect to lexicographic order
on § x &, find all pairs (a,8) € 1 x & such that (a, b) =
2,9%).

Solution: Note that {a, b) < (¢, d) if and only if & <; ¢ or
a = ¢ and b <y d. We find those pairs (g, b) € 5 x & such
that (a, b) < (2,3). The pairs are (1,5) € § x %, b € & and
(2,8 € § x & such that 4 divides 3. Hence, the pairs are
(1,1),¢1,2),(1,%),{1,6),(2,1), and (2, 3).

Exercise 6: Consider the poset (S, <), where §={2,4,3,
6,12} and the partial order is the divisibility relation. Find a
linear order on S compatible with the given partial order.

Solution; ¢ is a minimal element of S. Let ¢ =2 and
§ =5—1{2} =[4,3,6,12}). Then § is also a poset under the
divisibility relation. Also, § has a minimal element az = 3.
Let

$=5-1{2,31=1{4,6,12}.
Now 5 has a minimal element a3 = 4. Let

S5=5-1{2,3,4] =16, 12}.
S has a minimal elemeni a; = 6. Let

S =8—1{2,3,4,6} = {12}.

Finally, g5 = 12 is a minimal element of {12}. We now de-




fine the partial order <; on $by 2 <13 ;45,6 <, 12. 1t
follows that this is a linear order,

Notice that 4 < 12 because 4 divides 12. In the relation
<, we have

4= 6 <12,

whichimplies that 4 <; 12by the property of transitivity. Sim-
ilarly, we can verify that the compatibility holds for other
elements. So it follows that the linear order <; on § is com-
patible with the relation <.

Exercise 7: Show that every chain is a distributve lattice.

Solution: Let (L, <) be a chain and 4, b, ¢ € L. Because L
isachain, eitherz < bord < a.Ifa < b,thenav b= band
anb=alfb<a,thenav b=aandann b=2>0 Hence, for
anytwo elements ¢, b € L,a A band g v bexistin L. Suppose
a=<b.

Casel: b<¢
Nowan(bve=asac=aand{arbd)v{encl=avae=
a. Hence, we have

an(bvo=(aenbyvianc).

Case2: ¢c<b

Subcase2a: a<¢
Inthiscase,wehavee < ¢ < b NowaA(dv)=anb=a
and

(and)viancg=ava=a.
‘_Hence,
an(BV O =(@aAb)V(and
Subcase2b: c<a

Inthiscase,wehave c < a < b. Nowa A (bVel=arnb=a
and (a A b)) v{anrc)=aVv¢=a Hence,

an(bveoy=(aanbdvianre).
 Similarly, if b < a, then a A (bV ) ={@a A b) V (a A c).

! V.Exercise 8: In a lattice (L, <), prove that (@A bV (@A
B <anbvianc)forall e b ce L.

_Solution: Now a A b < a, a A ¢ < a. Therefore, (a A b) v
(aAcy = a Again, a A b < bimplies

(anb)yvianc) <bviane.

Thus, we find that (a A 5 Vv (a A ¢)isalower bound of {a, b v

Hence,
(arnbyviaac=an(bvienc).
E'xercise 9. Consider the lattice (Dog, <), where < denotes

the divisibility relation. Find4 A (5 v 10 and (2 v 2 A BV
. Is this lattice a Boolean algebra?

anc). But an (bv (ane)is the glb of {a, bV (a A o)}
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Solution: Dy, = {1,2,4,5, 10, 20}. Now
4A{(Bv10) = 4 A 10 because 5v 10 = lem{b, 10} = 10
=2 because 4 A 10 = gcd{4, 10} = 2.
Also,
CvEab)vd=02v1IVv4 because2Ab5=gcd{2,5}=1
=2v4 because 2v 1 = lcm{2,1} =2
=4 because 2 v 4 = lem(2,4) = 4.
The Hasse diagram of Dy is shown in Figure 8.29. In this
lattice, the least element is 1 and the greatest element is 20,
Now,
2al=1,
2A5=1,

2v1#20,
2v 5 # 20,

IALET
2A10# 1.

Hence, 2 has no complement int Dy Therefore, this is nota
Boolean algebra.

Exercise 10: Consider the lattce (S, <), where § = {1,2,4,
5,8,9) and < denotes the usual “less than or equality” rela-
tion. Find 4 A {5V 9) and (2V (2 A 8)) v 4. Is this lattice a
Boolean algebra?

Solution: In this lattice, ¢ v »=max{a,b} and aA b=
min{a, #}. The Hasse diagram of § is the given in Figure 3.30.

9

1
FIGURE 3.30
Hasse diagram of §

Now,
@v@Easgpvd
ArnGBVYH = (2 v min{2,8}) v4
= 4 A max{5, 9} =2v2v4
=419 and =max{2,2} v4
= min{4, 9} = max{2,4}
=4 =4

Thisisachain. Hence, S is a distributive lattice with the great-
est element 9 and the least element 1. In this lattice, suppose
there exists an element bsuch that2vi=%and 2A b= 1.
Then max{2, 4} = 9 implies that b = 9. On the other hand,
min{2, b} = 1 implies that # = 1. Thus, we find that 2 has
no complement in this lattice. Hence, § is nota Boolean
algebra.
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SECTION REVIEW

Key Terms

antisymmetric texicographic order topological ordering
partial order dictionary order upper bound

pariially ordered set closed 7 least upper bound (lub)
poset COVers lower bound

dual Hasse diagram greatest lower bound (glb)
comparable ~ minimal element lattice

linearly ordered set maximal element distributive

totaily ordered set greatest element complement

chain least element Boolean algebra

product partial order compatible

Some Key Definitions

1. Avrelation E on a set S is called antisymmetric if for all @, & € S, a R b and
bR a,then a=b.

2. A relation R on a set A is called a partial order on A if R is reflexive,
antisymmetric, and transitive,

3. Aset A together with a partial order relation R is called a partiaily ordered
set, or simply poset, and we denote this poset by (4, R).

4. Let(S, <)beaposetand a,b € §.Heither ¢ < bor b < g, then we say that
a and & are comparable. The poset (8, <) is called a linearly ordered set,
or a totally ordered set, or a chain, if forall @, 6 € Seithera < bor b < a.

5. Let (S, <) be poset. An element ¢ € § is called
(i) 2 minimal element if there is no element 4 € § such that b < a,
(ii) a maximal element if there is no element & € S such that a < b,

(iii) a greatest elementif b < aforall & €S,
(iv) aleastelementifa < bforall & € S.

6. Let (S, <) be a poset and let {a, b} be a subset of S. An element ¢ € § is
called an upper bound of {¢, b} ifa < cand & < ¢.

_ 7. Anelement d € S is called a least upper bound (lub) of {«, b} if

(i) disan upper bound of {a, b}; and
(ii) if ¢ € Sis an upper bound of {g, §}, then d < ¢.

8. Let (§,<) be a poset and let {a, b} be a subset of §. An element c € § is
called a fower bound of {g, } if ¢ < aand ¢ < b. An element d € § is called
a greatest lower bound (glb) of {a, b} if

| (i) disalower bound of {a, 5}; and
I (i) if ¢ € Sisa lower bound of {a, b}, then ¢ < d.

9. Aposet(L,=<)iscalled alatiice if a A b and a v b existin L for alla,be L.




- 4. Define a relation R on the set Z of all integersby m B n

5 Define a relation R on the set Z x Z by (m, t) R(n, 1) if
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10. A lattice (L, <) is called distributive if it satisfies
(D) an(dve)={(arb)v(anc)forallabce L.

Some Key Results

1. Let(S, <) be a poset such that § is a finite nonempty set. Then this poset
has a minimal element.

2. Ina poset (8, <), if a subsct {a, b} of § has a lub, then this lub is unique.
In a poset (S, <), if a subset {a, b} of § has a glb, then this glb is unique.
Let (L, <) be a lattice and a, b, ¢ € L. Then
(L avb=bvaanb=bAa, _
(12) av (Ve =(avBVearnBrd=(arb)re
(L3 evae=a,arha=a,
14y avi(anby=a,an(aVvb) =a

. EXERCISES

1. For each of the following relations draw the digraph. d. (P(S) - {8}, ), § = {1,2,3}, where < denotes the
,  Determine which relations are antisymmetric. set inclusion relation
* a. (S, R),where S = {5,6,8,10,20} and R denotes the 7. Let § = {1,2,8} and
divisibility relation _
b. (S,R), where S = {1,5,6,8, 10} and R denotes the A={{2}, {3}{2 3} {1.3}, §}-
relation Draw the digraph of the partial order < defined by the
R={Q1.1),(5,5),(6,6),(8,8), setinclusion € on A. Also draw the Hasse diagram of the
oset (A, <). Find all maximal and minimal elements of
(10,10), (1, 5), (5, 6), (1, 6)} o poset
c. (8,R),where § = {1,5,6,8, 10} and R denotes the 8. Let $=1{1,2,%,6,9, 18}. Consider the partial order <
relation defined by the divisibility relation on S. Draw the di-

- raph of this partial order and the Hasse diagram of the
R ={{1,1),(5,5), (6,6), (8,8), . 1g:>osi;t (5, <). Find all maximal and minimal elements of
(10,10, (1,5), (8,6), (1, 6)} this poset.
9. Give an example of a relation R that is antisymmetric,
but not reflexive.

10. Give an example of a poset (P, <} such that P has two
‘elements g and & for which a A b does not exist.

11. Show that (R, <)isnota poset where ¢ < b means that
b = ad for some d € R.

12. Let A be the set of first 12 positive integers. Define a
relation R on A by x Ry if and only if x is a divisor of y
for all x,y € A. Prove that (4, R} is a poset.

13. Define the relation > on the set C of complex numbers
bya+ib> c+idifand onlyif a > cand b > d for all
a, b, c,d e R Prove that > is a partial order on the set
of complex numbers C. Is ita linear order on C? Justify
your answer.

- 2. Determine which of the followmg relations are antisym-
- metric,

a. (S,R), where S = Z, a Rbifand onlyif ¢ = 6" for
some positive integer n

b. (8,R), where S =Z, a R b if and only if a = nb for
" some positive integer n

3. Define arelation R on the set Z of all integers by m R n

if and only if }m| = |n}. Is R a partial order?

if and only if mn > 0. Is R a partial order?

and only if m = nand t — r > 0. Is R antisymmetric?

. Draw the Hasse diagram for each of the following

posets. -

a. ({a]e is a positive divisor of 20}, <), where =< de-
notes the divisibility relation

b. (N, <), where < denotes the natural order relation

c. (P(8), <), §=1{1,2,38,4}, where < denotes the set and b < d.
inclusion relation

<y a partial order on 57

14. Let <, and <, be two partial orders on aset 5. Is =, o

15. Let (4, <) and (B, <) be two posets. Prove. that (Ax
B, <)isa poset, where (a.5) = (¢, d)ifand only fa<e
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= {1,2,4}, % = {1,2,3,6]}, and both the relations <;, <y _
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. Let (4, <) and (B, <) be two posets. Prove that {4 x
B, X) is a poset, where < denotes lexicographic order.
If (A, <) and (B, <) are linearly ordered sets, then prove
that (4 x B, <) is a linearly ordered set.

Let (8, <) and (%, <9) be two posets, where §; =
{1,2,4}, & = {1,2,5,6}, and both the rejations <, <y
are divisibility relations. With respect to lexicographic
order an §; x %, find all pairs (g, ) € § x % such that
(a,b) < (4,2).

Let (8, =1) and (8, <e) be two posets, where § =

are the usual “less than or equal to” relations. With re-
spect to lexicographic order on § x &, find all pairs
(a, &) € § x 5 such that (a, & < (2, 3).

Consider the poset ({2, 3, 6,12}, |}, where the partial or-

der | is the divisibility relation. Find a linear order < on.

{2, 8,6, 12} such that < is compatible with |.
Find a compatible linear order for the poset ({3,6,
7,12,14,18,21},|), where the partial order | is the di-
visibility relation. '
Arrange the following words according to dictionary or-
der.
a. real, relation, relative, reliable, reason, invitation,
invite
b. poset, pond, posses, party, partial, orange, organize
Consider the poset (8, <), where § = {m | m is a positive
divisor of 48 and 1 < m < 48} and the relatdon < is the
divisibility refation.
a. Find all minimal and maximal elements.
Find all lower bounds of {12, 16}.
Find all upper bounds of {12, 16}.
Find the glb and lub of {12, 16}.
Does this poset contain the least element and the
greatest element?
f.  Is this poset a lattice?
Consider the lattice (S,=), where §={3,4,5,8,
9,10) < denoctes the usual “less than or equal to” re-
lation. Find 4 A (6 v 9) and (3 v (3 A B)) v 4. Is this lat
tice a Boolean algebra?
Let § = Z x Z x Z. Consider the usual order relation
on Z. In the poset (Z x Z x Z, <), arrange the follow-
ing elements in increasing order according to the lexi-
cographic order <.
a. (1,0,5), (0,9,0), (3,-3,5), (—4,9,2), {0,0.2),
(54,123, -312) .
b. (1,0,0),(1,0,1), (0,1,0), (0,0,1},(1,1,0), (0, 1,1)
. Justify by examples.
a. In aposet (8, <), a subset {a, b} of § may not have
an upper bound.
b. Inaposet (S, <),asubsct{a, b} of § may have more
than one upper bound:
c. Ina poset (S, <), a subset {a, b} of § may not have
a lub. )
. Justify by examples.
a. Inaposet (8, <), a subset {a, b} of § may not have
a lower bound.

& a0 T
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b. Inaposet (S, <),asubset{a, &} of § may have more
than one lower bound.

c. Inaposet (S, <), a subset {a, b} of § may not have
aglb.
. Which of the posets in Figure 3.31 are lattices?

a

|
o b
AN

a c

N ; /

b ! \

| /

’ |

d

g

() (b) ©

FIGURE 3.31 Posets

. Let Dy denote the set of all positive divisors of 40. Con-
sider the lattice

{Dg0, =),

where < denotes the divisibility relation. Find 4 A (8 v
10) and (2 v (2 A 8)) v 20.

. Let Dy denote the set of all positive divisors of 42. Con-
sider the lattice

(D42; 5)’

where < denotes the divisibility relation. Find 4 A (6 v
14) and (2 v (2 A 8)) v 21.

. In a lattice (L, <), prove the following. For all e, 5,
cel,
a avagslavialave
h. (aand)viane)<an(dve .
c. (aab)vibrogvicray=(av®BrBVeA

(cV a)

d ifa<ethenav(bac) <(evib)nc

. A lattice (L, <) is called a modular lattice if for all
a b, ¢ce L, a<cimplies

-

av{ibae)=(av B Ac

In a modular lattice (L, <), prove thatforall a. b, ¢ € L,
a<canb=cnbandav b=cV bimplythata = ¢.
. Prove that every distributive lattice is 2 modular lattice.
. Give an example of a lattice that is modular but not
distributive.
. Prove that a lattice (1., <} is distributive if and only if for
all e, b,ce L,

larnBVEADVcAa = {aVH A{bv)A(cVa)
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35, Determine whether the following assertions are true or b. The relaton R={(a, 8 e ZxZjlal <|bl} is a
false. If true, prove the result; if false, give a counterex- partial order on Z.
ample. ¢. The relation R = {(a, b) € § x §| a divides & in N}

a.

The relation R={(a, e Zx Z| la— b} < 1}isa is a partial order on § = {1,2,8,4,6,12}.

partial order on Z.

APPLICATION: RELATIONALDATABASE

In the preceding sections, we discussed relations in detail. We now describe an
application of relations to database theory. :

In the business world, generating relevant information m a timely manner
is crucial to the success of a business. For example, stockbrokers rely on stock-
market reports to buy, sell, and hold stocks. Students rely on mid-semester grade
reports to decide which subjects need more study. To produce relevant informa-
tion efficiently, we need quick access to data (raw facts) from which to generate
appropriate information. Therefore, data collection, storage, and retrieval are
some of the most important activities of an organization.

Managing data efficiently requires the use of a computer database, especially if
we are dealing with large quantities of data. A database is a shared and integrated
computer structure that stores

® end-user data; i.e., raw facts that are of interest to the end user;

B metadata, i.e., data about data through which data are integrated.

We can think of a database as a well-organized electronic file cabinet whose
contents are managed by software known as a database management system; that
is, a collection of programs to manage the data and control the accessibility of the
data. :

Consider the following table which lists various facts associated with students.

Table: Student

ID | Name | Rank | Major Empl]i,

3456 | Peter Sr CSC 745
9394 | Ashley | Soph | Math | 848
8723 | Randy | ]Jr CSC | 745
2367 | Sheila | Sr Arts 467
8236 ; Anita Fr Drama | 848
7623 | Jackson | Sr Math | 848

The column headings are 1D, Name, Rank, Major, and EmplD. Fach row in
the table describes a student’s ID, name, college standing, major, and the ID of
the advisor. The rows, among other things, specify which ID is associated with,
i.e., related to, which student and the advisor of each student. In other words, we
can think of each row as describing the relationships between 1D, name, rank, ma-
jor, and advisor’sID. Letus think of celumn headings as sets consisting of elements




