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Abstract—Quantum optical frequency combs provide an in-
triguing approach to high-dimensional quantum states. Because
of the need to move probability amplitudes among different
colors, the realization of gates appropriate to multicolor photons
requires nonlinear or electro-optic mixing. This paper describes
a novel architecture for such gates. The parallel arrangement of
mixers allows graceful scaling beyond two-dimensional qubits to
higher dimension qudits, and this enables multivalue quantum
logic. The parallelism of the implementation simplifies the pro-
gramming of the gate for a particular operation. As an example,
we demonstrate the design of a four-dimensional Chrestenson
operator.

Index Terms—Integrated Photonics; Multicolor Photons,
Quantum Informatics. High Radix Qudits

I. INTRODUCTION

When one articulates photonic quantum processing with
polarization-encoded qubits, components such as waveplates,
beamsplitters, and polarizers are employed. Similarly, quantum
circuits for spatially encoded photonic qudits use couplers,
interferometers, ring resonators, and combiners. The transfer
functions for all the components identified so far, and hence
the circuits they enable, are linear and time-invariant (LTI).
Multicolor photons provide a promising route to higher-
dimensional qudits, and hence to multivalued quantum logic.
Working with multicolor photon states, however, requires
the movement of probability amplitudes among the colors
(wavelengths or frequencies) [1–7]. LTI components will not
accomplish this task. Consequently, nonlinear optics effects, or
more commonly, mixing, become necessary operations in the
construction of quantum gates for multicolored photon qubits
and qudits. In many works to date, phase modulators enable
the mixing of photon colors, and linear time-invariant filters
adjust the amplitude and phases of the components produced
by the RF electro-optic modulators [5, 8–15]. The purpose of
this paper is to present an alternative to the predominantly
serial architecture of EOMs and LTI filters favored to date to
realize quantum logic gates for processing multicolor photon
states. The architecture described herein scales gracefully
to states of higher dimension, providing a flexible plat-
form for advanced quantum information processing. Higher-

dimensional quantum states, or qudits, align naturally with
multiple-valued logic (MVL) principles, where information
is processed using more than two discrete levels. Quantum
computing using qudits of dimension higher than two can offer
performance and application benefits beyond those when using
standard, two-dimensional qubits [22]. For instance, a radix-
4 qudit corresponds to quaternary logic, potentially offering
advantages in computational efficiency and circuit complexity
reduction, analogous to benefits seen in classical MVL systems
[23]. The parallelism of the implementation simplifies the
programming of the gate for a particular operation. As an
example, we demonstrate the design of a four-dimensional
Chrestenson operator, which generalizes the Hadamard gate to
higher radices and is foundational in MVL spectral methods.
The architecture described herein scales gracefully to states
of higher dimension, has a desirable geometry and footprint
when implemented as a quantum photonic integrated circuit
(QPIC) cell, and has a preferable overall loss characteristic
in comparison to the “quantum Fourier processor” (QFP)
architecture as described in [10, 12, 13].

II. A PARALLEL ARCHITECTURE

In this work, two modifications of past circuits [10, 12, 13]
are employed. LTI filters and Electro-optic modulators are still
deployed; however, more complicated modulators – Mach-
Zehnder Modulators (MZMs) and nested MZMs – are brought
to bear. Secondly, these integrated mixers and filters are
arranged in a parallel architecture. This is shown in Figure 1.

An input multicolor photon state enters the quantum gate
from the left. In a manner similar to the grating in the
programmable filter in [10, 12, 13], a demultiplexer (DeMUX)
parallelizes the constituent frequencies (color components).
Since most multicolor photon states entail combs of frequen-
cies defined by some free spectral range (FSR) of the genera-
tion component, the DeMUX may be realized with LTI filters,
ring resonators, or cascades of Mach-Zehnder Interferometers
(MZIs). The former is an infinite input response (IIR) filter,
and this has ramifications for the effects of its group delay. The
latter, finite impulse response (FIR) filter may require a multi-



Fig. 1: Qudit quantum frequency processor. A four color qudit
is input to the gate. A demux separates the colors and the
demultiplexed components are mixed in a parallel arrangement
of MZMs. The mixed components exit the gate through a mux.
While a four-dimensional state is illustrated, more mixers may
be added in parallel to scale gracefully to higher dimension.

plicity of stages to achieve a desired frequency discrimination,
with concomitant overheads of control and parasitic losses. In
either case, knowledge of the comb frequency spacing greatly
simplifies this DeMUX. Each frequency component is then
modulated by a specified RF signal, m(t). For a K-order
quantum state, each RF modulating signal typically comprises
(K − 1) cosine components, each with designated amplitudes
and phases. Since the MZMs and nested MZMs have multiple
arms, each electro-optic segment may be driven by its own
appropriate RF cosine Fourier series. Thus, the amplitude and
phases provide degrees of freedom that may be designed to
achieve the required transfer matrix of the gate at issue. A final
weight and phase may be assigned to each frequency of the
multicolor photon before multiplexing together to provide the
gate’s output state |Ψ⟩. The use of MZMs integrates mixing
and filtering functionalities, since an MZM is a time-varying
FIR filter. Thus, the architecture combines the mixing and
filtering operations that are distinct in the serial architectures
of [10, 12, 13].

III. THE REALIZATION OF A CHRESTENSON (C4) GATE

As an illustration of the architecture, and its applicability
to states with dimension higher than 2, we consider the
realization of the Chrestenson (C4) gate. The C4 gate is the
4-dimensional analog of the Hadamard gate, a beam splitter
for two-dimensional qubits. A unitary transfer matrix for the
C4 gate is:

C4 =
1√
4


1 1 1 1
1 i −1 −i
1 −1 1 −1
1 −i −1 i

 (1)

Functionally, each basis state component incident to the C4

gate is mixed to contribute equally to each output basis com-
ponent in terms of their probability amplitudes. The induced
phase shifts of this mixing ensure that the transfer matrix
properly realizes the C4 operator as unitary so that energy
is conserved. Because C4 is a normalized four-dimensional
discrete Fourier transform (DFT) matrix, it can be easily
expanded into a higher D-dimensional form, CD, through use

of the well-known DFT matrix properties as shown in Eqs. 2
and 3.

wk
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 (3)

For the case of path-encoded qudits, a LTI 4-port coupler can
be used to implement the C4 operator [16][17][18]. However,
the basis state components for a multicolor photon’s quantum
state are the colors, or energies/frequencies, of the photon.
Hence, mixing is achieved by driving the MZMs with the
appropriate electrical RF waveforms. In this example, we drive
each branch modulator within the MZM with an RF signal that
is conveniently represented as a three-term Fourier series,

m(t) = a1 cos(ωm1t+ϕ1)+a2 cos(ωm2t+ϕ2)+a3 cos(ωm3t+ϕ3),
(4)

that causes the MZM to spread each basis state amplitude
component from one color to the others. In this work, we
define our modulation signals as ωm1 = δ, ωm2 = 2δ, and
ωm3 = 3δ, where δ is the RF frequency of the Free Spectral
Range (FSR) defining the pure state structure of the frequency-
encoded qudit of interest. An electro-optical phase modulator
(EOM) is typically used in multicolor photon quantum pro-
cessing [10, 12, 13]. When a three-tone modulation signal,
m(t), of the form of Eq. (4) is applied to the EOM, an optical
input denoted as E(t) produces a Bessel series output Eout(t)
of the form,

Eout(t) =

∞∑
n=−∞

∞∑
m=−∞

∞∑
k=−∞

Jn(β1)Jm(β2)Jk(β3)

× cos(ωct+ nωm1t+mωm2t+ kωm3t

+ nϕ1 +mϕ2 + kϕ3)

(5)

A Mach Zhender Modulator (MZM) comprises two such
phase modulators, one in an upper arm and the other in a
lower arm. The use of an MZM over a single arm phase
modulator provides more degrees of freedom that can be used
to enhance the performance of the gate. If one desires more
such control, then additional MZM arms may be deployed.
The nested MZM consists of two MZIs arranged inside a
larger one, and allows for more precise control of phase shifts
and interference patterns, enabling enhanced modulation and
filtering capabilities. For example, the nested MZM structure
is widely used in modern coherent photonic communication
systems; a nested MZM can form any desired Quadrature
Amplitude Modulated (QAM) state [19]. .

IV. NUMERICAL OPTIMIZATION

A. Particle Swarm Optimization

Particle Swarm Optimization (PSO) is a commonly used
statistical optimization technique designed to minimize a cost
function by mimicking the behavior of flocking birds, whose
flight patterns are influenced by both the individual bird’s



location and information shared throughout the flock. In sys-
tems, the “birds” are implemented as “particles” which travel
through an n-dimensional space and velocities calculated
based on each particle’s inertia and position, as well as the
position of the most optimized particle in the system, as
introduced in [24]

The cost function contains two terms that simultaneously
focus on the desirable in-band spectral lines and the undesir-
able out-of-band spectral lines or “leakage.” For the in-band
components, we employ Eq. (5) to calculate the output of the
nested MZM and use a PSO to minimize the Frobenius norm
among the ideal C4 transfer matrix and that obtained from the
circuit. This portion of the cost function, cin, is applied to the
in-band spectral components and is shown in Eq. 6.

cin = |C4 −Tcirc|2 (6)

The out-of-band cost, cout, is also minimized simultaneously
with the overall PSO cost function, cpso = cin + cout being
minimized. The leakage is computed as the energy or squared
amplitude for the out-of-band spectral lines and the out-of-
band cost, cout, is just the sum of all the leakages. We set a
PSO with a self-inertia of 0.5 and a swarm-inertia of 1.5 for
2,080 particles across 10,400 iterations to obtain the parameter
values that produce results closest to the desired amplitude and
phase of the in-band frequency sidebands, while minimizing
probability amplitudes in the other sidebands due to the cout
term in the cost function. These 26 parameters consist of
12 modulation strengths, 12 modulation phases, and 2 bias
phases for the MZMs. As an example of the structure of
the PSO parameter search process, consider the first column
vector in C4, which is ( 1√

4
) [1 1 1 1 ]

T. This portion of the
C4 matrix is responsible for generating the ideal response
for the |0⟩ component of the output photon’s quantum state.
This column vector indicates that the amplitude of the output
spectral lines for [ω0 ω1 ω2 ω3]

T, which correspond to the |0⟩
component of the ideal circuit response state |Ψout⟩, should
all be of equal amplitude and with no induced phase shift
since these particular C4 matrix components are all real and
of the same amplitude for this column vector. Every column
vector of C4 is non-zero and has an equal amplitude of 1√

4
,

thus the ideal output response for every component of C4

should equally spread the amplitude of the incident photons
|i⟩ basis component for all {i|i = 0, 1, 2, 3}. Induced phase
shifts are either {0, π2 , π,

3π
2 } corresponding to the normalized

C4 matrix components {1, i,−1,−i} respectively. Using the
PSO methods in MATLAB’s PSO toolbox [21], we obtain
optimized values for the 26 variables arising from the nested
MZM structures that comprise the parallel branches of the
QQFP shown in Figure 1 resulting in the targeted frequency
sidebands and desired amplitude and phase values shown in
Figure 2. For the second parallel nested MZM branch from
the top in Figure 1, that corresponds to the second column
vector of the C4 in the QQFP gate, the order of the targeted
frequency sidebands is mapped to the frequency spectrum
components at indices [−1, 0, 1, 2] in Figure 3. All of these
spectral lines should have equal amplitude in the ideal case

and their phases should shift by
[
0, π2 , π,

3π
2

]
respectively

that corresponds to the normalized second column vector of
C4 which is [1 i − 1 − i]

T. The resulting amplitude and
phase of the targeted frequency bins obtained through PSO
optimization are shown in Figure 3. Similarly, for the third
parallel nested MZM branch from the top in Figure 1, that
corresponds to the third column vector of the C4 in the
QQFP gate, the order of the targeted frequency sidebands
is mapped to the frequency spectrum components at indices
[−2,−1, 0, 1] in Figure 4. All of these spectral lines should
have equal amplitude in the ideal case and their phases should
shift by [0, π, 0, π] respectively that corresponds to the third
normalized column vector of C4 which is [1 − 1 1 − 1]

T.
The resulting amplitude and phase of the targeted frequency
bins obtained through PSO optimization are shown in Figure 4.
And finally, for the fourth parallel nested MZM branch from
the top in Figure 1, that corresponds to the fourth column
vector of the C4 in the QQFP gate, the order of the targeted
frequency sidebands is mapped to the frequency spectrum
components at indices [−3,−2,−1, 0] in Figure 5. All of these
spectral lines should have equal amplitude in the ideal case
and their phases should shift by

[
0, 3π2 , π,

π
2

]
respectively that

corresponds to the fourth normalized column vector of C4

which is [1 − i − 1 i]
T. The resulting amplitude and phase

of the targeted frequency bins obtained through PSO optimiza-
tion are shown in Figure 5. For the implementation of PSO,
we use a high performance computing system to optimize the
cost function across 104 dimensions corresponding to the four
sets of 26 parameters for each MZM. These results produce
gate fidelities in excess of 0.995, with gate fidelity defined as
Eq. 7 where ρ and σ are the density matrices of the ideal and
QQFP gate respectively [25].

F (ρ,σ) =

(
Tr

√√
ρσ

√
ρ

)2

(7)

Running PSO for a set of 104 parameters with a large number
of particles over many iterations is computationally intensive
and warranted the use of high performance computing. How-
ever, similar results can be obtained with significantly less
processing power by solving for each MZM’s 26 parameters
individually and utilizing the linearity of the columns in the
QQFP gate to find a column-wise fidelity. These column
fidelities can then be averaged to find the overall gate fidelity
as defined in Eq. 8.

F (ρ,σ) =
1

d

d∑
i=1

|⟨ψiρ|ψiσ⟩|2 (8)

where d is the dimension of the qudit and ψi is the ith column
vector of the density matrices. Working with column-wise
optimization also requires a modification of the cost function
to prevent distinct and differing global phase factors from
being applied to each column’s result as a side-effect of the
cost minimization, an effect that was irrelevant to gate-wise
optimization. A cost penalty of the form 1

2 (1−cos(θ)) can be



added to the cost function while optimizing and should be re-
moved before the final fidelity calculation, which successfully
prevents undesirable column phase shifts without degrading
the final fidelity results. Optimizing the gate’s fidelity using the
column-wise implementation only affected the third significant
digit of the best fidelity results and used significantly less
computing power and runtime.

Fig. 2: Generated sidebands of the first mixer corresponding
to the first column of the C4 gate, showing their targeted
amplitudes and phases. The 26 mixer parameters are obtained
using PSO.

Fig. 3: Generated sidebands of the second mixer corresponding
to the second column of the C4 gate, showing their targeted
amplitudes and phases. The 26 mixer parameters are obtained
using PSO.

V. SENSITIVITY ANALYSIS

In practical quantum photonic integrated circuits, fabrication
tolerances, environmental fluctuations, and control inaccura-
cies can introduce variations in device parameters, potentially
degrading gate performance. To assess the robustness of our
parallel nested MZM architecture, we perform a sensitivity
analysis using Monte Carlo simulations that allow for all pa-
rameters to simultaneously vary. This evaluates how parameter
perturbations affect the gate fidelity, providing insights into the

Fig. 4: Generated sidebands of the third mixer corresponding
to the third column of the C4 gate, showing their targeted
amplitudes and phases. The 26 mixer parameters are obtained
using PSO.

Fig. 5: Generated sidebands of the fourth mixer corresponding
to the fourth column of the C4 gate, showing their targeted
amplitudes and phases. The 26 mixer parameters are obtained
using PSO.

design’s tolerance to real-world imperfections. The analysis
focuses on a four-dimensional gate, comprising four nested
MZMs (one per dimension or ”column”), each defined by
26 parameters: 12 modulation depths β (three per arm across
four arms), 12 drive phases ϕ (matching the β structure), and
two bias phases (ϕbias,I and ϕbias,Q). Thus, the full gate uses
104 parameters. We use optimized parameter sets obtained via
numerical minimization of a cost function based on the overlap
fidelity between target and actual frequency comb states. For
the Monte Carlo simulation, each parameter is independently
perturbed with additive Gaussian noise. For non-zero nominal
values, the noise has zero mean and standard deviation equal
to 2% of the nominal value; for zero-valued parameters, the
deviation is an absolute 0.02 (scaled equivalently). We conduct
100,000 trials, computing the fidelity for each column in
every trial using the squared modulus of the inner product
between normalized target and actual state vectors, as defined



Fig. 6: Histogram of gate fidelity changes over 100,000 trials
when only phase parameters (a subset of 48 parameters) are
perturbed via Gaussian noise with standard deviation set to
2% of the nominal value.

in the cost function. The gate fidelity is the average of the
four column fidelities as previously described. This approach
reveals the distribution of fidelity changes, highlighting the
architecture’s resilience. For instance, with all parameters
varied, the mean fidelity change is typically small, indicating
graceful degradation under moderate perturbations. Results
are visualized through histograms of gate and per-column
fidelity variations, aiding in identifying sensitive parameters
for targeted improvements in future designs.

In Figure 6, we present the results of the gate-level sensi-
tivity analysis for a C4 gate with Gaussian perturbation of
only the modulation strength parameters, holding all other
parameters constant at their optimized values. We report a
mean fidelity change of −0.015534, standard deviation of
0.008545, and a minimum fidelity of 0.898959.

In Figure 7, we present the results of the gate-level sensi-
tivity analysis for a C4 gate with Gaussian perturbation of
only the modulation strength parameters, holding all other
parameters constant at their optimized values. We report a
mean fidelity change of −0.000796, standard deviation of
0.000326, and a minimum fidelity of 0.995013.

Taken together, the results of Figures 6 and 7 show that
phase errors in the RF drive signals are far more important to
control than amplitudes.

VI. CONCLUSIONS

Multicolor photons are an attractive proposition because of
their potential to support high-dimensional states, and thus
multivalued quantum logic. The parallel design facilitates
scalability to similarly higher dimensions, as additional mixers
can be incorporated without fundamental redesign, enabling
processing of qudits with arbitrary dimensionality limited only
by practical integration constraints. The scaling of a Hadamard
(beamsplitter) for two-dimensional qubits to a Chrestenson
(C4) gate serves as an illustration of this progression to higher

Fig. 7: Histogram of gate fidelity changes over 100,000 trials
when only modulation strength parameters (a subset of 48
parameters) are perturbed via Gaussian noise with standard
deviation set to 2% of the nominal value.

dimension. More modulators in parallel may be added as the
qudit dimension increases.

We have introduced a new arrangement of mixers and filters
to process multicolor quantum states in this paper. If previous
quantum processors are viewed as a serial cascade of mixers
and filters [5, 8–15], the arrangement here may be considered
to be parallel. In previous realizations, the modulator and
filtering is separated into distinct stages. Here, these two
stages are combined. The mixers here are conceptually placed
between the demux/mux gratings of the programmable filters
in references [5, 10–15]. Moreover, in this work, the single arm
phase modulators are replaced with MZMs. Again, filtering
is combined with mixing, and additional degrees of freedom
are included in the processor. The parallel configuration offers
an advantage with respect to parasitic (coupling) losses. In a
serial architecture, parasitic losses cascade multiplicatively. A
parallel arrangement, however, distributes one parasitic loss
across each component so that, after the mux, only a single
parasitic loss term is present. The architecture introduced here
lends itself as well to photonic integration. Sources, demulti-
plexers, modulators and multiplexers may be realized in a thin-
film lithium-niobate (TFLN) material system. This architecture
extends naturally to other gates beyond the C4, such as S, X,
Z, and T gates, or any arbitrary unitary operation by adjusting
the RF modulation parameters and mixer configurations. Using
the same generic cell in an integrated fabric suggests a
quantum field programmable photonic gate array (q-FPPGA)
that operates on MVL. In summary of results, this paper has
introduced a novel parallel architecture for realizing quantum
gates in frequency-comb qudit systems, demonstrated through
the implementation of the Chrestenson (C4) gate using both
numerical optimization via particle swarms and an analytic
approximation based on three-term truncated Fourier series.
The approach leverages nested Mach-Zehnder modulators to
achieve the required mixing of frequency components, with



sensitivity analysis highlighting robust operational regimes
against parameter variations.
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