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Abstract

In this work, we generate Cayley graphs to obtain spectra corresponding to
orthogonal eigenvectors that efficiently decorrelate multidimensional signals.
Optimal signal decorrelation information is commonly obtained from the KL-
transform. However, whereas the traditional KL-transform autocovariance matrix
is generated using multiple products between signal components, generating the
Cayley graph only requires memory access operations for assigning weights to
the graph edges. The graph is generated by coloring the edges between different
vertices, where the vertices represent symmetry group elements, and the weight
values are accessed from the discrete multidimensional functions. The efficiency
from avoiding product calculations allows the use of spectral information for a
wide variety of applications, as the sparsity of the spectra indicates the degree
to which a function can be maximally decorrelated. For real-world applications,
we begin by demonstrating how Cayley graph spectra can be used for one-
dimensional signal classification. We extend our theory to multiple dimensions,
allowing us to develop higher-dimensional applications. We obtain the Cayley
graph representation of multiple two-dimensional image patches, which demon-
strates that the spectra at each window patch can be used to match key points
between transformed images. As another multidimensional example, we apply the
method to a three-dimensional image patch; this is then used for boundary edge
detection of three-dimensional scans. Thus, our method is useful for extracting
valuable decorrelation information from signals of any number of dimensions, and
it can outperform common signal processing techniques for a diverse set of tasks.
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Fig. 1: Process of Cayley graph decorrelation illustrated through steps: (1) signal
representation as a function, (2.1) construction of the Cayley graph adjacency matrix
using permuted functions, (2.2) visualization of the Cayley graph structure, (3.1)
extraction of eigenvalues sorted by magnitude, and (3.2) identification of decorrelated
edges based on the largest eigenvalues.

1 Introduction

The KL transform is one of the most influential algorithms in the field of signal pro-
cessing and data processing [1]. The goal of the KL transform is to decorrelate or
decompose a function into a set of linearly uncorrelated eigenfunctions, often referred
to as principal components. The corresponding eigenvalues in the spectra are related
to how much each principal component contributes to reconstructing the original sig-
nal. The eigenvectors are used to construct the transform matrix, which, when applied,
maximizes the number of zero values of the transformed signal. The KL transform
plays a significant role in machine learning, frequently applied for both dimensional-
ity reduction [2] and feature selection [3], highlighting its value in data analysis. This
ability of the KL transform to find the optimal basis functions that highlight impor-
tant features enables its application for various signal processing tasks. This includes
applications such as multichannel noise reduction [4], image noise suppression [5], and
signal compression [6].

Applying the KL transform first requires creating the matrix known as the auto-
covariance matrix, which consists of multiplications between components: Ry =
Cov{x} = E{xx"*}. The eigenvectors v; of these components are then used to create
the KL transform matrix U. The KL matrix is then applied to the original signal,
which results in maximal compaction or, in other words, the maximum number of zero
values in the response signal: Y = UT(X — p). Since both the KL transform and the
autocovariance matrix share the same eigenvectors, the KL spectrum is used to refer
to the eigenvalues of the autocovariance matrix. The KL spectra are related to the sig-
nal’s ability to be decorrelated using a few eigenvectors, which is why the KL spectra
are sparse. Forming a selection of optimal basis functions that decorrelate the signal is
possible since the transform matrix represents the statistical information of the data
and is constructed using the data itself. In Section 2.2 we discuss the generation of
the KLT in-depth and its relationship to our transformation.

In this work, we use the Cayley graph representation of a signal and find the eigen-
values of the symmetric Cayley graph adjacency matrix to extract the decorrelated



spectral information, as illustrated in Figure 1. The constructed Cayley graph adja-
cency matrix, described in Section 4.2, is a symmetric matrix that produces orthogonal
eigenvectors that maximize the number of zero real-valued eigenvalues. As shown in
Figure 1, generating the Cayley graph involves using the proper generator function
that extracts the decorrelation information; this generator function is related to the
permuted columns of the autocorrelation matrix since the elements of the Cayley graph
are that of the symmetry permutation group. The multidimensional autocorrelation
definitions and notation are discussed in depth in Section 2.1. The Cayley graph rep-
resents the relationship of different signal components with connected edge weights
representing their permuted values. As a result, rather than obtaining decorrelation
information through product calculations, we are representing the impact of various
permutations on each component value. In this graph structure, the node clusters with
similar values signify the permuted signal components are low variance, resulting in
greater decorrelation and more zero values in the spectra since fewer principal com-
ponents are needed to represent them. This Cayley graph definition that contains the
symmetry permutation group elements aligns with the method used to generate sim-
ilar spectra related to the KL spectra from one-dimensional signals in [7]. We discuss
our related work in Section 3.2 that similarly uses Cayley graphs created from relevant
generator functions to extract the spectra related to other transforms.

We first describe the process to generate the spectra of the Cayley graph that are
related to the multidimensional KL spectra in Section 4.2. In Section 5, we validate the
decorrelation ability of the Cayley graph by analyzing the spectral distribution and
sparsity. We also show that the Cayley graph spectra can be calculated more efficiently
than the KL spectra by comparing timing information. In addition, we analyze how the
mapping of signal indices is an important factor in the decorrelation of a signal since
the permutations may have less of an impact on certain mappings where similar signal
components are nearby. In Section 6, we then explore the application of Cayley graphs
to obtain higher-dimensional decorrelation information and include examples of how to
use the spectra and decorrelation information for signal and data processing. First, for
the 1D applications, signal classification for both audio and ECG can be done using our
Cayley graph method. Then, we utilize our technique for higher-dimensional signals by
running our method across small image patches, the spectra being used as extracted
feature vectors. These feature vectors are then used to match portions of transformed
images. The image feature matching results in more matches obtained than the most
popular current methods while using smaller feature vectors. Finally, we show that
our work allows Cayley graphs to represent higher-dimensional 3D images and that
there are performance improvements in viewing details for boundary detection.

2 Signal Processing Background

2.1 Autocorrelation Matrices

An autocorrelation matrix would allow us to analyze the repetition of different por-
tions of the signal, which, when used to generate the Cayley graph representation,
can then be used to decorrelate the signal into orthogonal basis functions. To define
the autocorrelation matrix, we first start by introducing the autocorrelation function



notation as described by [7]. The autocorrelation function is the measure of a func-
tion’s correlation with itself. Note that the correlation is simply a convolution of one
signal with a time-reversed version of itself. The autocorrelation function can then be
described as an equation R(u) = Ziv;()l () f(z ©5, u); this contains the correlation
of a 1D signal on itself with all positive lags v and N being the length of the signal.
This function definition can be expanded to work on discrete multidimensional sig-
nals. The method to obtain the 2D discrete autocorrelation function R(u,v) for every
pixel response at (u,v) is shown in Equation 1. Here, m and n are the dimensions of
the original 2D image I. The function I(z,y) represents the pixel values of the origi-
nal 2D image at coordinates (z,y), and ©,, and ©,, represent the modulo subtraction
operation with respect to the dimensions m or n, respectively. This formulation sim-
ply represents the correlation of the image I with itself. This can be extended to any
number of dimensions as needed.

m—1n—1
R(u,v) = Z ZI(I’,y)I((ZL’ Om u),(y On 'U)) (1)
=0 y=0

In our work, we use the autocorrelation matrix, which, when multiplied with a
flattened image, results in the autocorrelation function output described in Equation
1. We represent the discrete autocorrelation matrix and the operation on the original
signal as a matrix-vector multiplication: R,, = FI. Here F is the autocorrelation
matrix, I is the original function or flattened image if two-dimensional, and R, is
the autocorrelation function as a flattened vector of responses. Each column of the
autocorrelation matrix is a different permutation of the original data value. In the case
of a 1D signal, the columns consist of the signal at different lags, and for a 2D image,
the columns are shifted along both axes for different amounts before flattening.

To help construct the autocorrelation matrices for 2D and n-D signals, we can first
denote the 2D image function If, which can also be thought of as the image I when
flattened or stacked along the z-axis or taking each row of a matrix and concatenating
them side-by-side. We can also represent sliding the image I¢(x © 1,y © j) across either
or both of the x and y axes before flattening the resulting 2D matrices into columns,
I¢(x,y), where 7 and j are values used to slide the image by 4 pixels along the x-axis
and j pixels along the y-axis before flattening. The sliding permutations of the matrix
are denoted by the &, corresponding to a subtraction-modulo operator, to show the
shifting of the image. We can then arrange the various I¢(-) values for different values
of 7,7 to construct an autocorrelation matrix F as shown in Equation 2. Note that each
column, when multiplied with the original I, results in a specific response component
of Ry.

Fo=[It(x00,yc0).. If{ixo(N-1),yo (M-1))] (2)
Programmatically, we can construct the matrix F by sliding the image across the
T,y axes one pixel at a time from left to right, then move it down, and finally flatten
and arrange the columns into the autocorrelation matrix. Extending the process to N-
D signals involves a similar function, but instead of sliding the function If”¥ across two
axes x, y, we can slide it across any number of axes g, -1, ...x;. We can then flatten each
resulting N-D matrix into a row vector and arrange these vectors to form the desired



circulant matrix. We denote the N-D image function I¢ as Ir(zg © No,...,zn © Ny),
where Ng...N,, are the shift values for those axes. The autocorrelation matrix F will
have dimensions xg X x1... X z,,. Now, to create the N-D signal’s autocorrelation matrix
R, we slide I across all axes for different amounts. Then, we flatten the resulting matrix
into a column vector. After that, we arrange these column vectors into the desired
autocorrelation matrix R. Then, the autocorrelation matrix F can be constructed as
shown in Equation 3.

F@: If(X190,X2@0,~-~,Xn@0),

3)

If(x:[@Nl’XQeNg,...’XneNn)

The F autocorrelation matrix, created from a one-dimensional signal, is a circulant
matrix where each row is a cyclic shift of the previous row. A double-block (or N-block
for N dimensions) circulant matrix extends the autocorrelation matrix generation for
signals of multiple dimensions. Each block in a block-circulant matrix is a circulant
matrix, which is repeated by descending along the diagonal. The description of an
autocorrelation matrix as a data-dependent representation with valid permutations
of the signal in each row is described in [7]. This description of the autocorrelation
matrix through permutations is then extended in our Cayley graph representation. We
can motivate the need for the Cayley graph representation to extract more optimized
spectral information through more complex permutations since we show that circulant
matrices only effectively decorrelate sinusoidal signals and the fact that the N-block
circulant autocorrelation is not generally symmetric and has complex-valued spectra.

2.2 Decorrelated Spectral Transforms

Our work focuses on efficiently finding decorrelated and sparse spectra, similar to the
KL spectra, while avoiding multiplications. We emphasize the important properties of
the KL spectra by comparing the KL transformation matrix to the discrete Fourier
transform (DFT) matrix. As we will demonstrate, the KLT results in optimal decorre-
lation, and as the data becomes periodic, the KLT becomes the DFT. This motivates
the generation of a Cayley graph, which can be used to obtain signal decorrelation
information without requiring the product operations to generate the autocovariance
matrix. Like the autocovariance matrix, our Cayley graph results in a symmetric adja-
cency matrix with orthogonal eigenvectors that are more optimized to capture variance
information than the DFT. We further outline the properties of the Cayley graph that
give us decorrelated spectral information in this section.

First, we discuss the DFT to motivate the usage and optimal decorrelation of the
KL spectra. The discrete Fourier transform (DFT) can be represented by a matrix
known as the DFT matrix, as shown in Equation 4. Here, the transfer matrix is created
by knowing its size n, and the computation is made from the sinusoidal basis vectors
at each column. T ppr is defined in Equation 4. When this transfer matrix is applied



to x, the resulting y consists of Fourier components presenting the frequency of the
original data.

1 1 1 1
1 w wroo Wit
1 2 4 2(n—1)
TDFT:% 1 w w W (4)
1wt Q2= y(n=1)?

The KL transform described as y = Tgrx, applies the transformation matrix
Txkr on the signal x, where the components are x; € R. The y is the transformed
vector to a new coordinate space where the components are uncorrelated; this results
in the variation primarily being captured only using the first few components of y,
allowing for data compression by discarding all but few of the y components. To cre-
ate the transform, we assume x is a normalized zero-mean random vector E{x} = 0,
obtained from the operation x — ux. The transform matrix T, is obtained from the
eigenvectors of the autocovariance matrix of x. As we discussed, the eigenvectors are
ordered and used to construct the T . For this reason, the eigenvalues of the auto-
covariance matrix and the KL transform can be described as either the KL spectra or
autocovariance spectra. We then need to find the transformation matrix, T g, which
can be created from the eigenvalues of the autocovariance matrix. We can denote the
basis vectors t; and corresponding eigenvalues here A\, Ao, ..., Any. The transformation
matrix is created here where the eigenvectors are ordered by the eigenvalues in decline
order Tk = [t1,1a,...,tx] Thus, the eigenvectors corresponding to large eigenvalues
will represent the principal components along which most variation exists, and the
eigenvalues are the amount of variation captured by those principal components. A
result is that we can take the first M component and that the coefficients of y, = 0
foral M <k < N —1.y = [yo,¥1.--Yynm—1...0..0]. This means we would only need to
take the subset of the eigenvectors of ¢y up to tj; since the rest of the transformation
matrix rows are irrelevant. Since the overall magnitudes of the ||y, ||*> are still the
same as ||x||?, this subset of eigenvectors can then be used to maximally compact the
information to fewer signal components.

The autocovariance matrix is defined from the Rx = Cov{x} = E{xxT}. An
example matrix is shown in Equation 5. In the equation, we show that if the x variable
is a 1D signal, the components are simply multiplied since the inner product of scalars
is multiplication. Extending the autocovariance definition to higher dimensions would
require an increasingly higher number of multiplications for each dimension since the
variable = can also represent higher dimensional signals when the signal is flattened.
This flattening operation is similar to the process described in generating the autocor-
relation matrix columns in Section 2.1. If, for example, each dimension has the same
size m, the size of the flattened vector would scale in size n¢, where d is the total
number of dimensions. This would lead to an increasingly high number of product
calculations. Note that this Ry forms a symmetric matrix since one of the properties
of inner products is that they are symmetric: (x4, 2p) = (Tp, Z4).
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We now show that the previous autocovariance in Equation 5 becomes a circulant
matrix when created from periodic signals. As we discussed earlier, the previous auto-
correlation definition in Equation 2 is also a circulant matrix, so this relation may
give some insight. An increase in the periodic nature of the KLT eigenvectors can first
be shown that the autocovariance, which takes the form of a symmetric matrix, also
starts becoming a circulant matrix as the data becomes periodic, such as the signal
Tk = Tk4m, where m is the period of the signal. Through the inner products of the
autocovariance matrix, we know that with more periodic signals, the inner products
themselves would repeat since the inner product between any two components x; and
x; would only depend on the difference m: (z;, ;) = (Titm, Tj+m). We can show this
by reconstructing Ry in Equation 6. This matrix is circulant since the values that
appear at the end of the vector reappear in the front of the next row, illustrating
a period of N in the original signal. The circulant structure appears in the autoco-
variance due to the similar responses r; from the multiplications appearing multiple
times.

o T1 " TN-1
TN—-1T0 " TN-2
Rae= | 1 1o (6)
rg Tz T1
/,’1 7‘2... /]"0

Next, we show that circulant matrices generated from the KLT with periodic data
directly relate to the DFT. For example, the circulant matrix, C of size nxn, has eigen-
values directly related to the DFT of the original signal c. Let ¢ = [¢g, ¢1, ..., ¢n—1] be
the first column of C, and P be the permutation matrix that cyclically shifts a vector
by one position. Then, C can be expressed as: C = cgI+c,P+cyP2+.. . +c,_P" L.
Thus the eigenvalues A\; of C are related to the DFT of ¢ through this expression:
A = Z?:_Ol cjwik, where w, = e 2™/™ is the n-th root of unity. As a result, the
eigenvectors of C are also that of the DFT matrix T ppp. The sinusoidal basis vectors
seen in the columns of Equation 4 can be determined and are found to consist of the
Fourier basis vectors, va, used to construct the DFT transformation in Equation 4.
This relationship informs us that simply obtaining the eigenvalues of and eigenvectors
of the autocorrelation matrix in Section 2.1 alone will not result in optimally selected



eigenvectors unless the signal is periodic since circulant autocorrelation matrices alone
produce only complex sinusoidal basis functions related to the DFT. Moreover, auto-
correlation matrices are not guaranteed to be symmetric for higher dimensional n-block
circulant matrices and will not have orthogonal eigenvectors to decorrelate the signal.
We have shown that the autocovariance matrix used to obtain the KL spectra can
become a circulant matrix as the signal becomes periodic, and then we show that a
circulant matrix has eigenvalues that are the DFT coeflicients. As a result, we point
out that the KLT becomes the DFT for highly periodic data because the KLT eigen-
vectors that maximize the variance also become sinusoidal, becoming the sinusoidal
eigenvectors of the DFT. As a signal loses its periodic structure, the DFT becomes
less optimal in terms of energy compaction. Like the KL transform matrix, the Cayley
graph adjacency matrix is a data-dependent symmetric matrix that always results in
real-valued eigenvalues corresponding to orthogonal eigenvectors. Similar properties
to the KL spectra arise from the relationships between the signal components since,
in the Cayley graph, every signal component is an element connected to its permuta-
tions. These edge connections allow us to analyze the variation of a signal in terms
of the impact of permutations on each signal component. The eigenvalue decompo-
sition of the Cayley graph adjacency matrix, as illustrated in Equation 7, provides
orthogonal basis vectors Vo that are aligned to represent the repeating structures in
the data, much like the principal components in PCA or the KL transform. In later
sections, we also demonstrate that Cayley graph adjacency spectra also exhibit a pat-
tern of sparsity in the eigenvalues, matching the similar behavior of the sparse values
of KL spectra and revealing spectral features that of the circulant autocorrelation.

Ace = VeaheaVia (7)
We begin by stating the Spectral Theorem 2.1, which provides the foundation for
analyzing the spectral properties of symmetric matrices.
Theorem 2.1 (Spectral Theorem for Symmetric Matrices). Let M be a real symmetric
matriz. Then there exists an orthogonal matrix V' such that

M =VAVT,

where A is a diagonal matriz containing the real eigenvalues of M, and the columns
of V' are orthogonal eigenvectors of M. Consequently, the eigenvalues of M are real,
and its eigenvectors can be chosen to form an orthogonal basis.

To confirm the symmetry of Cayley graphs generated by abelian groups, we apply

Theorem 2.2, which establishes that the adjacency matrix Acg is symmetric under the
condition that the generating group is abelian, meaning all group elements commute.
The properties of these Cayley graphs are explored in the next section.
Theorem 2.2 (Symmetry of Cayley Graphs). Let G be a finite abelian group with
a generating set S. If S is closed under inversion, meaning that for each g € S, the
inverse g~ € S as well, then the adjacency matriz Acg of the Cayley graph generated
by G and S is symmetric.

In Proof 2.2, we demonstrate that applying the Spectral Theorem 2.1 to the adja-
cency matrix Acg of a Cayley graph that satisfies Theorem 2.1 enables an analysis



of its spectral properties in terms of its decorrelation capabilities. This is achieved
through the orthogonal eigenvectors of Ac¢, analogous to the orthogonal eigenvectors
in the KL transform, which are fundamental in signal decorrelation.

Proof. Let Cay(G, N) be a Cayley graph generated by a symmetric set of generators
N. We denote its adjacency matrix by Acay. The matrix Acay satisfies Acay = Agay
because for any z,y € G, (z,y) € E = (y,z) € E due to the symmetry of N.
Therefore, by the Spectral Theorem, Ac,y has an orthogonal decomposition Acay =
VcayAcachTay with real eigenvalues. O

Unlike simple circulant matrices, the adjacency matrix Acg of a Cayley graph
encodes transformation information through edges that represent data permutations.
This structure results in sparse spectra by capturing patterns and correlations inac-
cessible through the autocorrelation matrix, which only has sinusoidal eigenvectors.
Using the spectral decomposition of the Cayley graph adjacency matrix, as shown
in Equation 7, we show the Cayley graph shares characteristics with the KL trans-
formation matrix. In this work, we characterize Cayley graph adjacency matrices as
a distinct class of symmetric matrices whose spectral decomposition provides real,
orthogonal eigenvectors and a sparse set of eigenvalues. This orthogonality allows the
Cayley graph’s eigenvectors to act as a decorrelating basis, and the sparse spectra
indicate effective isolation of the underlying structures in the data, similar to the prin-
cipal components in PCA. Thus, by encoding the dataset’s inherent permutations, the
Cayley graph spectra reveal structural patterns that complement the conventional KL
spectral analysis.

3 Group Theory Background
3.1 Cayley Graphs

Definition 3.1. A group (G, x) has a binary operation * such that for any elements
a,b,c € G, the operation is closed, meaning a x b € G; it is associative, satisfying
(axb)xc = ax(bxc); there exists an identity element e € G for which axe = exa = a; and
every element a € G has an inverse element a™' € G such that axa ' =a 'xa=c¢e
[8]. A group element is any member of the set G, and the group product operator
defines how elements are combined.

Previous research [7] demonstrated that generating a Cayley graph whose ele-
ments are that of the symmetry permutation group S, yields spectra related to the
decorrlation information from the autocorrelation matrix. In this section, we explain
the group structure and how Cayley graphs can be created to represent the dif-
ferent operations between group elements. The formal definition and properties of
groups, also followed by symmetry permutation groups, are listed in Definition 3.1.
The symmetry permutation group consists of elements that represent permutations of
unique items. For instance, the group Sg = (5, 0) can represent unique string objects
S = abe, bea, cab, bac, cba, acb. Each string permutation can be represented numeri-
cally as array indexes by assigning values a = 1, b = 2, and ¢ = 3. These six elements
in S3 are described using the notation in Equation 8. The top row indicates the orig-
inal order 12 3, and the bottom row represents the reordered sequence. For instance,



the element labeled as 1 corresponds to permuting abc to the string cab since the top
row is 12 3 and the bottom row is 31 2.

123\ _ 123\ _ 123 _
(123)120 (312)121 (231):2
123) _ 123) _ 123) _
(213)"3 (321)"4 (132)"5

Using these group elements representing possible permutations, we can construct
the Cayley table, where the binary operator o combines elements, as demonstrated
in Table 9. The leftmost column of Table 9 represents the left operand of o, while
the top of each column represents the right operand. This table illustrates that the
S operation o is non-commutative, exemplified by the operation 2 05 = 5 and that
502 = 3 The operation o is non-commutative, Sz is non-Abelian. Since the edges
are created from the unique pairs of elements and the circ is non-commutative, the
matrix representing the directed Cayley graph is non-symmetric. We will show in
another example that when the group operations are commutative, the Cayley graph
adjacency matrix is symmetric.

(®)

012345
012345
120453
201534 (9)
354021
435102
543210

Definition 3.2. A Cayley graph is a graphical representation of an algebraic group.
Consider group (G,x) and a subset N of G. The Cayley graph representing G with
respect to N is denoted Cay(G, N). The vertex set of Cay(G, N) is the elements of G,
and the edge contains pairs of elements from G, (x,y) such that y = x on for some
n € N. Note that the group product operation x and the generator operation ¢ are not
necessarily the same.

The vertex set of the Cayley graph, as described in Definition 3.2 for a permutation
group, consists of vertices corresponding to s; € S, with edges established by pairs
(si,55). A generator function determines the assignment of edge weights or colors in
the Cayley graph. This function is essential in selecting the specific spectrum to be
extracted. The adjacency matrix of the Cayley graph, A = [e;;], is constructed using
the generator function outlined in Equation 10. To apply the generator function, we
first perform the symmetry group operation s; o s; on any two elements (s;,s;) € S,
followed by the coloring function f(-), which uses the original discrete signal to assign
edge weights between vertices representing the elements. If the function outputs zero,
no edge is present, resulting in an incomplete graph.

cUs w = oo

eij = f(si0s;) (10)
In the specific example of Sz, V includes vertices that match the elements
described in Equation 8. These elements representing the vertices are the integers

10



V = {0,1,2,3,4,5} and the edges are every pair combination of elements F =
{(si,s;) | si,s; € S}. The graph Cay(V, E) is shaped by the appropriate generator
in Equation 10, which assigns weights to the edges. As a result, the weighted Cay-
ley graph adjacency of the example is shown in Equation 11, essentially representing
connections between all elements shown in the graph and then applying the generator
function f(-).

F(1) £(2) £3) £(4) £(5)
7(2) 1(0) 1(4) £(5) (3)

|70 70 £(5) £3) () an)
7(5) 1(4) 1(0) (2) £(1)
7(4) 1(3) 1(5) £(1) £(0)
/() 1(4) £3) 7(2) (1)

The spectrum of a Cayley graph is obtained from the eigenvalues of its adjacency
matrix, which are the solutions to the matrix’s characteristic equation [8]. For more
details on group theory and deeper insights into Cayley graphs, refer to [8].

3.2 Related Work on Cayley Graph Spectra

As previously mentioned, the spectral properties extracted by the Cayley graph depend
on the group elements and the generator function. Previous work has explained how
the Cayley graphs with the symmetry permutation group elements can extract spectra
similar to that of the KL spectra for one-dimensional switching functions[7]. Other
related works look at Cayley graphs with different generators and group elements
to obtain spectra similar to that of other transforms, such as the Walsh spectra [9]
and the Chrestenson spectra [10]. The main application for analyzing these Cayley
graph spectra was to optimize and reduce one-dimensional switching functions. These
methods work with multiple valued functions and not just binary-valued switching
functions [7, 10]. As an example, in previous work [11] on obtaining an equivalent
Walsh spectra, the group is described by (M, ®), where M = m; is the set of all
possible 2™ minterms for a boolean function f and @ is the exclusive-OR operation
being applied over a pair (m;,m;). Thus, the weighted adjacency matrix of the Cayley
graph is formed using the generator e;; = f(m;®m;), and the spectrum of the graph is
related to that of the Walsh spectrum. Alternatively, as described in [10] to obtain the
spectra similar to that of the Chrestenson spectra, a different generator e;; = f(m; S,
m;) is used, where &, is the modulo-p operation. The goal of our work is primarily to
extend the previous work defining the relationship of symmetry permutation groups
and the 1D KLT [7] to higher dimensions and provide new applications.

Another approach focuses on applying graph signal processing (GSP) techniques
directly to graphs to obtain spectral information. For example, some studies analyze
the spectra of directed graphs with orthonormal constraints to construct a digraph
Fourier transform [12]. Others convert discrete signals into graphs as a preprocessing
step before applying GSP methods [13, 14]. More recently, the spectral decomposition
of adjacency matrices for weighted Cayley graphs has been studied to design systems
such as Frobenius—Schur and Cayley frames, which provide stable and reliable signal

11



reconstruction frameworks [15]. These methods demonstrate how GSP can be extended
to more complex graphs, including Cayley graphs.

A factor influencing the extraction of spectra from Cayley graphs is the process
of remapping function indices. Performing remapping of indices of a discrete func-
tion, including for higher dimensional images, has a direct impact on the ability of
the Cayley graph to maximize decorrelation. This importance of mapping is also dis-
cussed in [7]. Since the Cayley graph involves creating an adjacency matrix from the
original data and its permutations, remapping the data to minimize transformations
between permutations can thus improve decorrelation and increase the number of zero
eigenvalues. Further work on obtaining spectra containing decorrelation information
from Cayley graphs in [16] examines finding optimal mappings. The research in [16]
specifically finds that there is a subset of spectra that occur for a certain signal for
various mappings. Similarly, an image can mapped to a discrete vector form using
many different sets of indices following a permutation operation. Therefore, the opti-
mal higher-dimensional Cayley graph can also be impacted by the permuted mapping
of indices. As expected, the remapping of indices is an important component of the
maximal decorrelation of a signal and, therefore, is another aspect of Cayley graph
generation that can be optimized.

4 Contribution

4.1 Symmetry Group Representation for N-Dimensions

Previous work [7] focused on extracting the spectra similar to the KL spectra from
autocorrelation matrices generated from 1D signals using Cayley graphs. In this
section, we show that higher dimensional spectra related to the decorrelation of sig-
nals can be extracted from the higher dimensional signal’s autocorrelation matrix in
Equation 2 using the Cayley graph created for the S, x S, group. For groups, the
direct product operations x result in a Cartesian product between the different group
elements, resulting in pairs of combinations of the two elements. For example, for the
direct product of two groups G; X G2, let the elements of group G be denoted by
g1 and go, and the elements of group Gy be denoted by h; and hy. The elements of
the direct product group G; X Gy consist of ordered pairs of elements from G; and
Go, such as (g1, h1) and (g2, ha). The group product operation in G; x Go is defined
component-wise. That is, for any two elements (g1, k1) and (g2, h2) in G7 X Ga, their
group product is given by (g1, h1) * (g2, he) = (g1 * g2, h1 x ha), where g1 * g2 represents
the group product operation in Gy, and h; * ho represents the group product opera-
tion in Go. This group notation can represent multiple independent operations across
multiple dimensions with a single group operation.

We now show that by using direct products of groups, the new combined group
product operator can be the permutation operator o and now represent permutation
for multiple axes. We can use group elements from the S,, x S, group to represent
the same shifting operations we see in the columns of the 2D autocorrelation matrix.
In this case, the elements s; € (S, x S,,) can be used to represent valid 2D shifting
permutations as numerical values 1,2, .. and are defined by operations representing
unique but valid image shifts across multiple dimensions. By definition, the direct
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product group now consists of pairs of elements. Let us represent the group of row
permutations, where r; € S,, permutes the rows, and the group of column permuta-
tions, where ¢; € S, permutes the columns. The elements of the combined group are
pairs s; = (75, ci), where j and k could represent independent shifts along the cor-
responding x and y axes. This subset of permutations can still be represented with
the o operator since it shifts a subset of the symmetry permutation group. Note that
unlike the previous symmetry group Table 9, the combination of permutations using
the operation o is commutative since an image can be shifted along both x and y
axes and the shifts accumulate the same way regardless of order. For s; € S, x S,
s; = (rj,cx), group operation o is applied component-wise. For example, for two ele-
ments s1 = (r;,¢;) and so = (rj,¢;), the product is given by: s1 059 = (1; 075, ¢; 0¢5).
Here, r; o r; is the group product of the row permutations, and ¢; o ¢; is the group
product of the column permutations. These s; are the group elements representing the
different valid permutation actions on the image. In the standard permutation nota-
tion s; o 55 = s, we can show that multidimensional permutation s; then permuted
by s; can be simplified as a single permutation sj.

We give an example for the 3 x 3 image or S3 x S35 Cayley table in Table 12. The
elements can be represented in terms of the cyclic permutations sg = (rg,cp), s1 =
(r1,¢0), s2 = (r1,¢1), s3 = (r2,c1).... Following this logic, we can understand that
combining different permutations, such as sy and sg, will result in (rg,co) = so since
no rows or columns have been shifted. For a non-trivial example, we can see that
sg 083 = (r2,¢2) 0 (r2,¢2) = (T(242) mod 3> C(242) mod 3) = (r1,¢1) = s4. In simple
terms, making the same sg permutation twice results in an equivalent s4 operation;
this can be verified by using Table 12.

012345678
012345678
120453786
201534867
345678012
453786120
534867201
678012345
786120453
886 7201534
It is important to note that this group consists of symmetry group elements rep-
resenting cyclic shifts, which results in a symmetric adjacency matrix. Note that this
symmetry permutation group in 2D can readily be extended to elements represent-
ing higher dimensional permutations, known as the k-fold product of S, denoted as
(Sn)F =S, x S, x...8, (k times). Unlike the standard autocorrelation matrix, this
adjacency matrix will be symmetric even when representing higher dimensional per-
mutations. This group representation extends the symmetry permutation group in the
previous work [7] to higher dimensions through the direct products of groups.
The adjacency graph can be described by the formula e;; = f(s; o s;), where the
edge weights of the adjacency graph are defined by the group operation o on every
combination of group elements s;, s; and the application of coloring function f(-). The
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generation of the Cayley graph adjacency matrix can be described by referencing the
operator combinations of s; o s; in the Cayley table in 12, which has the values 0 — 8,
and using those values to index the flattened image function I¢(-). To create the image
function, we flatten the original image by taking its pixel rows and concatenating them
side by side. This function application is similar to the example in Equation 11 that
applies the generator function in Equation 10 to the previous table in Equation 12.

4.2 Cayley Graph Generation

Instead of using a Cayley graph to represent combinations of simple image shifts,
we can use a Cayley graph to represent the relationship among all the permutations
found in the columns of an autocorrelation matrix on a set of image indices. To do
this, we use F autocorrelation in Equation 2 from Section 2.1 and replace © with the
symmetric permutation group operator o discussed in Section 4.2. For each column,
the multidimensional indices (xq,z1,...2x5) of an N-dimensional signal are permuted
by one of the corresponding sg, $1...5, elements of the symmetry permutation group
(Sn)Y. To simplify the notation, we can present the unique high dimensional index
elements as ¢ and the unique permutation elements on the multiple dimensional axes
as j. Thus, the action of the permutation on the indices is i o j, representing the
multidimensional permutations of the high dimensional indices and, therefore, the
shuffling of the flattened multidimensional image function I¢(-) as each column.

Fo=[Is(iojo) If(ioj1)...Te(iojn-1)] (13)

We have demonstrated that the F autocorrelation matrix can be expressed using
higher-dimensional symmetric group operations, implemented as shifting permuta-
tions on the original image indices, allowing it to be modeled as a Cayley graph. The
generator function from Equation 10 is employed to construct this Cayley graph by
applying the symmetry permutation operator o between each image index and a valid
permutation group element. In this Cayley graph structure, ¢ is treated as the starting
node and j as the ending node for a directed edge. In the pair (4, 5), ¢ corresponds to
the image index element s;, while j represents a node associated with a valid permu-
tation element s;. The edges that link image indices to different permutations follow
the notation ¢ o j, reflecting how the original image index ¢ is permuted based on the
permutation element j. The graph is created by connecting every node representing an
image index to every node representing a permutation element, forming edges (i, 5),
with edge colors determined by the generator function from Equation 10. The func-
tion f(-) represents the original flattened multidimensional signal I;(-) and is applied
to the edges.

We can also look at the creation of the graph adjacency programmatically at the
pixel level through the indexable form of the generator e;; = I¢/(i). To help with
programming the pixel-level definition, we first look at the F pixel-level autocorre-
lation definition in Equation 14 but with the ¢ values indexing the specific pixels of
the selected permuted function I¢?. Thus, this function can be used to access the pre-
computed i-th row and j-th column of the autocorrelation matrix. Using the matrix
definition that shows each permutation as j and the specific pixel at the location as i.
This gives us the function definition I¢?(7) that simplifies the creation of the Cayley
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graph. From the precomputed autocorrelation, the corresponding weights for directed
edge nodes (4, j) are passed to the unpermuted coloring function e;; = I¢7 (4). As dis-
cussed in Section 4.2, edges with either the original or permuted pixels being zero
would result in the edge not being present. We can keep nonzero edges as described
by E = {i,j|Is7 (i) > 0},4,j € V, where the permuted image function It (i) indexed
by 4 are used to remove edges with zero values.

I (ig) -+ Ty '(do)
F— : (14)
I;"(im,l) ij’"’l(in,l)

The creation of the Cayley graph is described in Algorithm 1. The Algorithm 1
clearly shows that the adjacency graph can be created from the 2D autocorrelation
to assign edge weights between every two group elements s; and s;. The algorithm
uses F' from Equation 14, which is the precomputed N-D autocorrelation. The color
generator f is the j selected column of F[:j] and is used to color the edge from that
s; permutation node to the s; index node. The directed Cayley graph adjacency can
be generated using three types of lists: source nodes, which represent image index
elements; target nodes, which represent permutation elements; and edge colors, derived
from the permuted function.

Algorithm 1 Generating Cayley graph of symmetric group elements

1: for j =1 to Nrows do

2: f=F[,j] > Select permuted function
3: for i =1 to length(f) do

4 if f[i] > 0 then

5: s; < append(s;, i) > Index node
6: sj < append(s;, ) > Permutation node
7 e < append(e, [i]) > Colored using function
8: end if

9: end for

10: end for

In our definition, we noted there will be some vertices without colored edges,
meaning a node-to-node edge e;; will sometimes be zero. Removing nodes from the
adjacency graph that have no edges can reduce the size of the adjacency matrix and
represent the compression of the data without the loss of any information. The drop-
ping of nodes without connections, with a degree of zero, can be described here:
V' =V \{v €V :d(v) =0}. This can also be quickly analyzed in constant time by
seeing where occurs when both the e, , = e, , = 0. These nodes have no information
between the original pixels and the permutations since there are no colored edges. We
have shown that obtaining eigenvalues of the reduced adjacency matrix after dropping
the nodes without connections only removes the zero eigenvalues and does not impact
the magnitudes of the other eigenvalues, making the dropping of these nodes analo-
gous to the reduction of basis vectors with corresponding eigenvalues of zero in the
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KL spectra. We can further extend pruning to removing lower non-zero degree nodes
as well; as we will see in the next Section 5, removing the lower degree nodes results
in removing lower magnitude eigenvalues. Removing lower-degree nodes will remove
node elements representing index nodes with very few edges, corresponding to signal
components that are infrequently accessed by permutations and, therefore, have less
information. We leverage this to prune lower-degree nodes before eigendecomposition,
eliminate lower-magnitude eigenvalues, and reduce matrix sizes for the autocorrelation
representation.

By using a Cayley graph representation, only the permutation nodes, index nodes,
and the weights between them colored by the image are required. This weight col-
oring method colors the paths from the node representing each image pixel index to
another node representing each unique permutation, with a weight value selected from
the permuted coloring function. This method represents the autocorrelation matrix
information and its permutations in an alternative graph form by representing each
pixel and its permutations as group elements of a Cayley graph adjacency. As we will
see in the next section, the properties of the Cayley adjacency allow us to extract the
spectra capturing decorrelation properties.

5 Experimental Evaluation

5.1 Spectral Analysis

We now analyze the ability of the Cayley graph (CG) to efficiently extract spectra
containing decorrelation information. One of the differences between our method and
the KL transform is that rather than representing variance information through the
multiplication of signal components, the Cayley graph instead represents the relation-
ship between different indices and their permutations. From the CG spectra, we can
analyze the degree to which the set of permutations varies the signal’s components.
For example, if a specific index node is connected to multiple permutation nodes with
edges of the same value, this indicates that permutations do not impact the variation
at that component and, as a result, indicate low variation. Since the connections from
the index node to its permutations are all similar in value, the clustering of similar
nodes would result in zero values in the spectra of the adjacency matrix, a property
commonly seen in spectral clustering [17]. In spectral clustering, the spectra contain a
higher number of zeros when subgraphs have distinguishing patterns that can be clus-
tered and represented by a few eigenvectors. To apply spectral clustering to a graph,
the Laplacian matrix is typically computed to ensure the matrix is positive semidef-
inite. However, in our work, we simply find the absolute magnitudes of our negative
eigenvalues, as our method achieves sparse spectra without the additional computa-
tion of the Laplacian. As discussed in Section 3.2, the remapping of function indices
has an impact on the decorrelation of the signal when using Cayley graphs. By group-
ing similar components together through remapping, we can minimize the impact of
permutations, and the signal can be more easily decorrelated, resulting in a sparse
spectrum similar to what is observed in spectral clustering.

To test our method, we create a 3 x 3 image containing random floating-point
values between zero and one, and we generate the corresponding CG of size 49 x 49.
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This larger size results from representing the various permutations of each signal com-
ponent, including padding to account for all overlapping shifts, ensuring a minimum
overlap across boundaries. For example, for the 3 x 3 image, padding is applied to
achieve at least a 1-pixel overlap on each side. This padding expands the image dimen-
sions to 7 x 7, as the original 3 x 3 image requires this larger grid to accommodate
overlaps on all sides. Consequently, the padded structure increases the effective graph
size needed to represent all possible permutations. Using this image, we demonstrate
how the ability of our method to decorrelate a signal is influenced by different index
mappings, as demonstrated in Figure 2, which analyzes the spectra of a test image
under various mappings. These spectra, derived from only 16 pixels and their per-
mutations, create a dense representation of information. As previously mentioned,
remapping the function indices results in different numbers of zeros, indicated by the
vertical blue dotted lines. Although the number of zeros varies, the structure of the
few largest eigenvalues remains consistent. This consistency enables us to use these
eigenvalues as robust features for various applications, similar to how the largest values
in the KL spectra capture the majority of the representation information. Therefore,
while index mappings affect the number of zeros, the largest eigenvalues, similar to
those in KL spectra, retain most of the signal’s information.

Fig. 2: Sorted 2D CG spectra for various index mappings of a 3x3 image, showing
absolute eigenvalues on the y-axis and their sorted index on the x-axis. Vertical blue
dashed lines indicate the number of zero eigenvalues for each mapping.

Figure 3 shows a 3 x 3 test image with intensities 1 — 9. The corresponding Cayley
graph adjacency matrix (CG) for the 3 x 3 example is shown in Figure 4, where every
pixel intensity represents an edge coloring. The Cayley graph representation extracts
the decorrelation information using the permutations of the original image using the
method described in Section 4.2, where each element represents a permutation from
the S, x S, group. For visualization purposes, Figure 5 is the CG adjacency matrix
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after pruning the 20 least connected nodes. The methods for generating this adjacency
matrix and pruning nodes are described in Section 4.2, and we will show in the next
section the benefits of pruning.

Fig. 3: Small 3 by 3 image for testing

We can extend our CG method to N dimensions as shown in Section 4.2. As an
example, we first represent the 3D Cayley graph adjacency matrix of a 3D volume
and constructed through group operators connecting nodes that represent elements in
the S, x S, x S, group. For our first 3D test image, we create the 3 x 3 x 3 block
with intensities ranging from 1 — 27. The 3D image is shown in Figure 6 divided into
slices along the Z-axes, so every 2D slice is shown as an image. The corresponding CG
representing the 3D volume is shown in Figure 7. As expected, the Cayley graph size
increases with the number of axes as a result of more permutations caused by shifting
along multiple axes. Figure 8 more easily visualizes the structure of the same CG after
removing the 200 least connected nodes.

For visualizing the impact of pruning on the CG spectra, a random 15 x 15 matrix is
used, where each pixel is assigned one of five possible integers (1 through 5) with equal
probability. As shown in Figure 9, the eigenvalues of the Cayley graph’s adjacency
matrix (size 1850) decrease exponentially in magnitude. This suggests that most of the
variance is captured by the initial few eigenvectors. Given that the Cayley adjacency
matrix has orthogonal eigenvectors and exponentially decreasing, sparse eigenvalues,
the spectrum of the Cayley graph behaves similarly to that of the KL transform.

As illustrated in Figure 9, pruning the least connected nodes does not affect the
highest eigenvalues—those tied to the eigenvectors capturing the majority of vari-
ance—until roughly 650 of the original 1850 nodes are pruned. This suggests a strong
link between the lower-degree nodes and the lower-magnitude eigenvalues and eigen-
vectors of the Cayley graph. This behavior indicates optimized decorrelation since the
larger eigenvalues correspond to features with significant information. Our method
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Fig. 4: Cayley adjacency for the 3x3 image

takes advantage of this by pruning lower-degree nodes before performing eigendecom-
position, which helps remove lower-magnitude eigenvalues and reduces the memory
required to represent the adjacency matrix.

In Figure 9, we visually show that the graph pruning process only reduces the
number of zero and low magnitude eigenvalues. The figure shows some decorrelation
properties since we maintain most of the spectral information while reducing the graph
size by removing the nodes that impact the zero eigenvalues. As an application of
the pruned CG, in Section 5.2, we show we may obtain equivalent higher-magnitude
eigenvalues with fewer calculations and a smaller memory footprint.

5.2 Time and Space Analysis

In higher dimensions, the adjacency size of the Cayley graph grows exponentially,
scaling as n? for d dimensions with n possible permutations per dimension. This
exponential growth in adjacency size arises because the Cayley graph connects each
component value to all others through valid permutations. Although the Cayley graph
adjacency matrix is larger than an autocovariance matrix, our method reduces the
number of required multiplication operations. In contrast, in the KL transform auto-
covariance calculation, the number of multiplications grows exponentially at n¢. In
this case, n is the number of signal components, where each n-th component in every
dimension must interact with all others, as outlined in the autocovariance definition in
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Fig. 5: Pruned Cayley adjacency

Fig. 6: 3D test image as three 2D slices

Equation 5. This growth reflects the requirement that each signal component interact
with every other component through multiplication. By avoiding these multiplications,
our method generates the CG spectra more efficiently than the KL spectra despite
requiring additional space requirements. In our experiments, we focus on efficiently
obtaining the first few eigenvalues and minimizing the impact of large graph sizes
through pruning.

We evaluate performance by measuring both the matrix generation time and the
time required to compute the two largest eigenvalues by magnitude. The eigenvalues
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Fig. 7: 3D Cayley graph adjacency

Fig. 8: Pruned 3D Cayley graph adjacency
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Fig. 9: Log-scaled eigenvalue index for CG spectra across different pruning levels,
showing the effect of pruning on reducing low-magnitude and zero eigenvalues. The
spectral information of higher-magnitude eigenvalues is preserved while the graph size
decreases

are computed using the method outlined in [18]. Additionally, parallelizable divide-
and-conquer algorithms for eigenvalue computation of symmetric matrices, described
n [19], offer potential improvements. It is important to note that the timing results
for the eigendecomposition are directly proportional to the size of the matrices.

To test performance, we use randomized example images of six sizes, 5 to 30 in
increments of 5, to generate Cayley graph adjacency matrices and autocovariance
matrices. The results, summarized in Table 2 for the Cayley graphs and Table 1 for the
autocovariance matrices, are averaged over 30 random images for each size, with each
pixel randomly assigned one of five possible integer values (1—5) with equal probability.
For consistency, we used the same test set of matrices for both autocovariance and
CG comparisons to ensure a fair timing evaluation.

The data shows that autocovariance matrices are considerably smaller compared
to CG adjacency matrices, with autocovariance matrix size growing quadratically rel-
ative to image size. The CG adjacency matrix size also grows at a quadratic rate
with respect to image size but with a larger scaling coefficient. Consequently, the time
required to compute the two largest eigenvalues (shown under the ‘Eigs’ column) is
significantly shorter for autocovariance matrices. However, as expected, the generation
time for autocovariance matrices is longer due to the increased number of multipli-
cations required in higher-dimensional signals. This additional generation time of the
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autocovariance matrix offsets the computational advantage of faster eigenvalue calcu-
lations for smaller matrices. We note that for larger matrices, further testing is needed
to obtain the time required to compute the eigenvalues.

Il;l;ie Eigs (ms) | Generation (ms) | Total (ms) | Matrix Size
5 0.98 4.08 5.06 25000
10 1.05 59.69 60.74 100000
15 1.64 358.41 360.06 225000
20 1.63 1135.40 1137.03 400000
25 2.24 2871.74 2873.98 625000
30 2.68 5583.56 5586.24 900000

Table 1: Performance metrics for autocovariance matrices of ran-
domized images with sizes ranging from 5 to 30 (increments of 5).
The table includes eigenvalue computation time (Eigs), matrix gen-
eration time, total time, and matrix size. Results are averaged over
30 randomized test images per size.

Igliazlie Eigs (ms) | Generation (ms) | Total (ms) | Matrix Size
5 2.81 0.48 3.29 170000
10 4.43 7.06 11.50 785000
15 64.02 45.23 109.25 1850000
20 272.63 132.75 405.38 3365000
25 739.29 304.20 1043.49 5330000
30 1610.73 654.95 2265.68 7745000

Table 2: Performance metrics for Cayley graph adjacency matrices
of randomized images with sizes ranging from 5 to 30 (increments of
5). The table includes eigenvalue computation time (Eigs), matrix
generation time, total time, and matrix size. Results are averaged
over 30 randomized test images per size.

We visualize the data from the previous tables in a series of plots to directly
compare the time and space complexity for each method. Figure 10 shows the time
required for matrix generation and eigenvalue computation, while Figure 11 illustrates
the growth of matrix sizes. When comparing the time required for eigendecomposi-
tion, the CG method exhibits a higher curve, indicating worse performance than the
autocovariance method. However, when considering the total time, which includes
matrix generation and eigendecomposition, the CG method demonstrates a lower over-
all curve, reflecting faster performance. The longer eigendecomposition times are a
direct result of the larger CG matrices. As anticipated from Section 4.1, CG matrices
demonstrate a polynomial growth rate in matrix size. For example, when the image
size doubles from 10 x 10 to 20 x 20, the autocovariance matrix size increases from
100,000 x 100,000 to 400,000 x 400,000, while the CG matrix size expands from
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785,000 x 785,000 to 3,365,000 x 3,365,000. This indicates that the CG and auto-
covariance matrices increase fourfold when the image size doubles, although the CG
method begins from a higher initial value. To mitigate this growth rate, the appli-
cations described in Section 6 apply the CG method over smaller, constant-sized
windows, reducing both matrix size and computation time. Overall, we see that when
we use our CG method with these smaller windows, the CG method is faster due to
the lower matrix generation time.

Fig. 10: Comparison of matrix generation, eigendecomposition, and total computation
times for covariance (Cov) and Cayley graph (CG) methods as a function of image size.
While the CG method has higher eigendecomposition times due to larger matrices,
its faster matrix generation leads to a lower total computation time compared to the
covariance method.

In Table 3, we show that pruning reduces the size of the CG adjacency matrix,
leading to faster eigenvalue computation. We run the CG and pruned CG methods
on the same image set, with the settings described earlier being 30 images per size,
random values 1-5. The reduction in matrix size by pruning can be shown by the
“Matrix Size Prune” column having lower values than the Table 2, being 20% smaller.
We show in column “Eigs % diff” that there is around a less 3% difference between
the eigenvalue ratio of the two largest eigenvalues between the pruned and original
CG spectra. Overall, these results highlight that additional post-processing, such as
pruning, effectively reduces the impact of eigendecomposition on total time, particu-
larly when only the largest magnitude eigenvalues are needed. This approach can help
optimize the CG method’s performance.
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Fig. 11: Growth of adjacency matrix sizes for covariance (Cov) and Cayley graph (CG)
methods as the image size increases. Both methods demonstrate quadratic growth in
matrix size, with the CG matrices starting from a higher initial value and scaling with
a larger coefficient compared to covariance matrices.

Image | Eigs Time | Eigs Time . . Matrix Size | Eigs
Size (ms) Prune (ms) Matrix Size Prune % Diff
5 5.44 3.90 170000 136000 7.95
10 8.39 6.36 785000 628000 3.23
15 64.52 41.35 1850000 1480000 2.85
20 287.76 197.39 3365000 2692000 2.73
25 743.95 542.53 5330000 4264000 2.36
30 1574.29 1098.50 7745000 6196000 2.11

Table 3: Comparison of Cayley graph (CG) and pruned CG meth-
ods for adjacency matrices of varying image sizes. The table includes
eigenvalue computation time (Eigs Time) and its reduction after
pruning (Eigs Time Prune), matrix size before and after pruning
(Matrix Size and Matrix Size Prune), and the percentage difference
in the ratio of the two largest eigenvalues between the pruned and
original CG spectra (Eigs % Diff).

6 CG Spectra Applications

In this section, we show that possible applications of using our CG spectra include
spectrogram classification, 2D feature matching, and 3D boundary detection. The
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CG method’s performance is compared to that of well-established analytic methods.
While many high-performance signal processing and edge detection techniques exist,
our intent here is not to compete with these methods. Instead, we provide accessible
examples to demonstrate the Cayley graph spectra are related to the KL spectra.
Applications are not limited to those in this section, and many other applications
that use decorrelated eigenfeatures may also be possible, including corner detection,
protrusion detection, template matching, and cross-correlation [20-22].

6.1 Signal Classification

In Section 2.2, we noted that the KLT optimally decorrelates the signal into basis
functions, and in Section 4.2, we emphasized that CG spectra can be more efficiently
calculated than the KL spectra for multidimensional signals. This is notable since,
as described previously, obtaining the DFT components is more efficient, but the
eigenvectors are not optimized for decorrelating the signal. Therefore, the improvement
in algorithmic efficiency described in Section 5.2 combined with better decorrelation
further increases the ability to use the CG spectra over the other spectra. We take
advantage of spectral properties obtained from the Cayley graph and use them as
valuable information for signal classification. Frequency-based methods are limited
by the assumption that critical features exist in distinct frequency bands separate
from noise, an assumption that fails when noise and signal overlap in the frequency
spectrum. The Cayley graph does not rely on frequency-based information and instead
relies on the spectral coeflicients being directly related to the decorrelation properties;
in this case, the largest N eigenvalues of the autocovariance will represent the amount
of variation captured by the first N principal components. The smaller variance in the
noise will not greatly impact these components since most of the magnitude of the
components comes from the larger, meaningful variance in the data itself. As a result,
we expect the CG transform coefficients to contain valuable classification features that
are noise-resilient and do not rely on distinguishing frequency information. Another
property that we will notice is that since the CG transform maximizes zero value
coefficients, only the N nonzero coefficients are needed for classification. In contrast,
for the frequency-based methods, we need to choose a set of frequency bins to work
with based on the application. The result is that our transformation can be greatly
reduced to only storing the N largest components, though, for our work, we maintain
an equal comparison by making sure the number of frequency bins aligns with the
number of components of the CG transformed signal.

To start the classification task, we apply the Cayley graph (CG) transform to gen-
erate spectrograms from one-dimensional signals by using it on two distinct types of
1D data: a subset of audio signals from the Google Speech Commands dataset [23]
and ECG signals from the MIT-BIH Arrhythmia dataset [24]. We demonstrate the
ability of the CG approach to extract features by evaluating the classification accu-
racy of our method and comparing it against other commonly used transform-based
methods. Spectrograms are generated using three different transform techniques: the
discrete cosine transform (DCT), the fast Fourier transform (FFT), and our proposed
CG transform. For the audio task, we also apply a mel-scaled spectrogram, a well-
known technique in audio classification. For both the audio and ECG tasks, signals
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(a) DFT spectrogram for sound sample (b) DCT spectrogram for sound sample

(¢) Mel-Scaled spectrogram for sound (d) Cayley graph spectrogram for sound
sample sample

Fig. 12: Comparison of different spectrograms for the sound sample: (a) DFT spec-
trogram, (b) DCT spectrogram, (c) Mel-Scaled spectrogram, and (d) Cayley graph
spectrogram.

were downsampled to final rates of 8,000 Hz and 2,000 Hz, respectively. Each signal
was padded to match the longest sample in the dataset to ensure uniform input data
for the machine learning models. The spectrograms were created with a window size of
200 samples and a 50% overlap to capture detailed frequency information while main-
taining consistency between successive windows. For the audio task, the mel-scaled
spectrogram was constructed using 100 mel frequency bands, ensuring a fair compar-
ison with the 100 frequency bins from the DFT. Similarly, for the CG transform, the
100 largest magnitude eigenvalues were selected from the Cayley graph representation
of the signal. The spectrogram dataset was split randomly into 70% training and 30%
testing sets to ensure sufficient data for robust training and evaluation of the models.

The spectrograms for the various methods applied to the first sample of the Google
Speech Commands dataset for the word “no” are shown in the following figures: Figure
12a presents the DFT spectrogram, Figure 12b shows the DCT spectrogram, Figure
12¢ shows the mel-scaled spectrogram, and Figure 12d displays the CG transform
spectrogram. Within the frequency-based spectrograms of the DCT and DFT, we note
that there is a large amount of random variation in frequency at any time window; in
comparison, the decorrelation information of the Cayley graph has many zero values
since the concentration of the magnitudes is in fewer components.
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The resulting spectrograms are then flattened and classified using a support vec-
tor machine (SVM) model with a linear kernel. We conducted an audio classification
task focused on a binary classification problem: distinguishing between the spoken
words “on” and “off” with 1000 samples for each class. The CG transform spectra per-
formed very similarly to the mel-scaled spectra at around 80% classification accuracy.
The DCT and FFT methods were similar at only around 68%. We applied the same
methodology to the MIT-BIH Arrhythmia dataset, which contains between 200 and
1000 ECG signals for each of the five different classes. The CG transform achieved a
classification accuracy of 96.59%, similar to 96.33% for the DCT and 95.77% for the
FFT. Overall, the CG transform offers an alternative approach, matching the perfor-
mance of mel-scaled spectra in audio classification tasks and outperforming traditional
methods such as DCT and FFT in both audio and ECG signal classification, all while
requiring minimal preprocessing.

6.2 Image Feature Matching

Feature matching is a prerequisite in computer vision for tasks including object detec-
tion, image alignment, and 3D reconstruction. For the task of feature extraction,
the decorrelation information of the spectra is useful since the spectral coefficients
are invariant to rotation and translation, making them ideal for generating feature
vectors that can be robustly used in feature-matching tasks. The invariance of the
spectra occurs because the principal components, axes of maximal variation within
the dataset, are rotated with the same matrix as the data during an image transfor-
mation. As a result, the coefficients that represent the amount of variation captured
do not change since the decorrelation and variance information are the same. Since
the features of the CG spectra are invariant to translation and rotation, they can be
used in feature-matching scenarios where the image is translated or rotated. In addi-
tion, the advantage of the CG spectra is that fewer coefficients are needed since the
signal energy is concentrated in the fewest possible non-zero coefficients. This allows
us to select the largest N coefficients as our feature vector with minimal loss of decor-
relation information. Minimizing feature vectors allows for faster feature matching
by reducing the size of the feature vector calculation to find the similarity between
vectors. This is especially useful as we can readily extend our detection methods to
higher dimensions without necessarily increasing the feature vectors at the same rate.
This invariance, combined with the fact that only the largest spectral coefficients are
needed, means we can create small but valuable feature vectors that show performance
gain over standard methods in our results.

We can use the eigenvalues of our Cayley graph as features for every 3 x 3 slid-
ing window. These unique eigenvalue responses can be used as feature descriptors for
every pixel at the center of the windows. These feature descriptors can then be used to
match pixels after transforming the image. Since the feature vectors are computed for
every pixel, this task is referred to as dense feature matching. Dense feature matching
involves finding correspondences for many pixels or regions across different images.
Unlike sparse feature matching, which focuses on a few key points (e.g., corners, edges),
dense matching aims to match every pixel or a dense grid of points across images. This
dense matching approach is commonly used in tasks that require more detailed and
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seamless alignment of images, such as optical flow, stereo vision, and image registra-
tion. Note that for other applications, such as computing the transformation matrix,
only four non-collinear point correspondences are required.

The dense feature matching workflow involves computing the feature descriptors
for every pixel, using an initial brute force matching based on Euclidean distance,
and finding the exact matches. We must compare dense feature extractors such as
DAISY (Dense Adaptive Image Similarity) and Dense-SIF'T (Scale-Invariant Feature
Transform). This way, every pixel in the image has a feature descriptor. To compare
our method for feature matching, we can simply compare how many correct matches
exist before and after the rotation and translation of the image.

Standard SIFT does not extract features at every point; SIFT normally only
extracts features at key points defined by the high response areas found by repeatedly
blurring and subtracting the image [25]. The SIFT descriptors at each key point are
created from the image gradients. The SIFT descriptors are made rotation and scale
invariant through first preprocessing each location with different normalization and
orientation methods before obtaining the feature vector. The feature vector represents
a histogram of image gradients, with each vector element being a bin for a specific
different gradient direction. For our experiments, we use a modified version that finds
SIFT descriptors at every pixel instead of only key points. Using SIFT for comparison
is valuable as it provides insight into the baseline level of matches achievable with the
most popular feature extractor.

A more direct comparison for dense matching can be made to DAISY, which is
specifically designed as a dense feature descriptor and has a vector at each pixel [26].
For this reason, we expect the DAISY feature extractor to perform better than simply
applying the dense version of SIFT. DAISY uses image gradients similar to SIFT but
also uses Gaussian filter responses instead of histograms of image gradients. Feature
descriptors consisting of image gradients for DAISY for each pixel are obtained over
circular windows, distinguishing them from the box-shaped windows used by SIFT.
The feature descriptor vector for DAISY is also smaller than that of SIF'T, containing
only 104 elements instead of 128.

Since the CG is generated using symmetric group operations, the eigenvalues result
in permutation-invariant features. Thus, our examples will show that we detect the
same points in an image after they are rotated. In our comparison, features for our
CG method are first obtained using the six largest magnitude eigenvalues at each
pixel. The CG method’s feature descriptor consists of the six largest eigenvalues of
the Cayley adjacency, which represent the decorrelated spectral information. As dis-
cussed in Section 2.2, the CG spectra are sparse; only the first M non-zero eigenvalues
are needed, resulting in a much smaller feature vector than other methods. We also
obtain features using the other methods, dense-SIFT, and DAISY, before and after
applying rotation to test whether those features match after transformation. Brute
force matching based on Euclidean distance between the feature descriptors is used to
find matches, and the non-unique matches are removed. Once a set of corresponding
coordinates is established between the original image and its transformed counterpart,
the matched coordinates of the transformed image are rotated back to their original
orientation. An exact match is confirmed when the orientation-restored coordinates
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align precisely with their initial counterparts. The total number of exact matches is
then used as a metric to evaluate the effectiveness of our method in generating unique,
rotation-invariant features. This approach provides a measure for assessing the quality
and invariance of the proposed feature generation technique. The image we are testing
is found in the Oxford dataset [27] and is scaled to a size of 160 x 200.

Our comparison results can be summarized in Table 4. Here, we show the test
angle in the leftmost column and the number of matches for each method. Overall,
our method has the most exact matches for rotations of 45 and higher despite hav-
ing a feature vector of only size 6. The DAISY method has many more matches for
rotations 15 and 30, whereas our Cayley spectra have many more matches after 45
degrees of rotation. This indicates that though all methods experience a decrease in
feature matches with the amount of rotation, our method experiences the lowest rate
of decline, indicating better rotation invariance. At the higher rotations of 135 and
225, our CG method has around triple the number matches compared to DAISY. As
expected, DAISY outperforms dense-SIFT for feature matching since it is designed to
run on every pixel. Our method outperforms standard SIFT for all rotations except
for the 15 and 30 degree rotations. This indicates that our feature-matching method
is more robust to large amounts of rotation while using a smaller feature vector size.

Angle | CA | DAISY | SIFT
15 69 215 79
30 27 45 31
45 19 15 16
60 23 6 11
90 33 11 19
135 27 8 6

225 29 7 5

Table 4: Number of exact fea-
ture matches for Cayley (CG),
DAISY, and SIFT methods
across various rotation angles on
a 160 x 200 image. The table
highlights the superior rotation
invariance of the Cayley method,
which achieves the highest num-
ber of matches for angles 45° and
greater despite using a smaller
feature vector of size 6.

We visualize the matches for all three methods, Cayley, DAISY, and SIF'T, in the
Figure shown in 13 for the 45-degree rotation. The figure shows that our CG features
can detect pixel matches even with added rotation. We noticed that more variety and
quantity of features are matched using the Cayley graph method. This is shown in the
figure by a line between the matching pixels in the original and transformed images.
The Cayley graph has 19 exact matches, whereas there were only 15 and 16 for DAISY
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and SIFT feature matching, respectively. We also note that DAISY and SIFT have less
variety of feature matches, as shown by the fact that most match points are centered
on a smaller portion of the image. These visual results indicate that the CG method
may account for greater details, resulting in more unique match points and increased
rotation invariance.

(a) CG Matches

(b) SIFT Matches

(c) DAISY Matches

Fig. 13: Comparison of feature matching methods under a 45-degree image rotation.
(a) CG matches, (b) SIFT matches, and (c) DAISY matches. The figure highlights
the robustness of each method to rotational transformations by visualizing matched
keypoints and their correspondences.
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6.3 3D Boundary Detection

This section shows that the ratio of the first two eigenvalues of the Cayley graph can
provide deeper insight into the decorrelation of signals, which results in our ability to
detect 3D boundaries. The main goal is to link the Cayley graph method to the Har-
ris corner detection and KL spectral information. The eigenvalue ratio is important
because, like in the KLT, the first eigenvector is the principal component. It cap-
tures more variability, signified by the magnitude of the first eigenvalue, resulting in a
larger ratio between the first and second eigenvalues than the next pair of consecutive
eigenvalues. This behavior occurs because the KLT aims to find the optimal basis for
decomposition, which means the ratio of the largest eigenvalue to the second largest
will always be maximized for the spectra of decorrelated eigenvectors. This behavior
is utilized in the Harris corner detector.

The understanding of why the eigenvalue ratios are used can be explained by
describing the Harris corner detector. The Harris corner detector relies on finding
image gradients, both x and y gradients or partial derivatives, I, I,, at any given
point of an image, which is quickly given by the corresponding Sobel xz and y filter
operations. We can visualize the gradients of an image at every pixel as a cluster of
points that follow the shape of an ellipse with the axes that follow the I, and I, values.
The Harris corner detection method creates a matrix from the partial derivative infor-
mation of the various images, similar to the autocovariance matrix found in a KLT.
These gradient patterns are directly used in the Harris corner detector by analyzing
the two principal components of these 2D point cloud clusters of gradients. These prin-
cipal components and their two eigenvalues can be obtained from the autocovariance
matrix described in Equation 15. Here, w(i, j) represents a windowing function that
determines the neighborhood of each pixel, and k is a constant parameter. The corre-
sponding eigenvalues of the principal components give us insight into detecting corners
and edges. Specifically, edge data occurs when the principal eigenvalue is much larger
than the second largest A\; >> Ao, whereas, for a corner, the eigenvalues are similar
A1 ~ Ao and large. For a flat region, both eigenvalues are near zero A\; ~ Ay ~ 0. For
this reason, one way to distinguish edges from flat regions is to simply take a ratio of
the nonzero lambdas A;/As.

LGP L)1)
M= i) (P "
Based on this kmovvledge7 we will leverage the eigenvalue ratio response of this Cay-
ley graph for 3D edge detection, demonstrating a connection between Harris corner
detection and autocovariance information while avoiding multiplications and deriva-
tive extraction. Though we know many efficient corner and edge detection algorithms
exist [22], we compare Sobel, Canny, and CG methods for 3D edge detection. These
methods are chosen since they are analytical approaches with fixed calculations, in
contrast to the adaptive deep learning methods. For the reasons described, we use the
ratio of the two largest magnitude eigenvalues for the CG responses for edge detection.
The methods are run along 3 x 3 x 3 cubic volume patches. Since we are working with
responses for these methods, we iteratively find the ideal threshold for the responses
of all these methods across a held-out dataset.
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The metrics used for evaluation are critical, as they define the properties we aim
to maximize. In our case, we know that since the edges’ ground truth is created by
humans, the classifier that performs best is those that find edges that a human’s
qualitative assessment would agree with. The metrics we use to compare our methods
are the F1 score and BF score; the F1 score, also commonly referred to as the DICE
score for images, can be considered the overlap of the ground truth and selected edge
responses. For the BF score(Boundary F1), correct classification occurs if the edge is
within a certain number of pixels away from a ground-truth edge; this gives a more
reasonable error that aligns well with human-perceived results [28]. We choose a pixel
distance of 3, which is fairly strict; if the edge marking is under 3 pixels away from
the correct label, it is considered correct.

For this comparison, we use the three-dimensional CG method as described in
Section 5 to detect 3D dimensional boundaries. We use a dataset from ISBI 2012
known as the connectome segmentation [29]. For this dataset, the goal is to find the
boundaries of the cell walls and highlight them. The dataset is from a single large 3D
scan of 512 x 512 x 30. This dataset has been used by previous segmentation methods
that use Cayley tables to create 3D equivariant neural network response [30] and
similarly applied it to the segmentation of the dataset. We compare the 3D versions
of the Sobel filter, Canny operations [31], and CG methods, and then we compare the
classification results of each pixel using the F'1 and BF scores.

Figure 14a and 14b show the original image and ground truth. Note that the 3D
image scans are visualized as 30 2D slices side by side. We hold out a small portion of
10 x 10 x 10 as a segment of the image, find the responses, and use this to iteratively
find the optimal threshold using the ground truths. We then ran our methods on the
entire dataset to obtain the raw responses and performed the binary edge classification
with our determined threshold.

(a) Original 3D Image as 30 2D scans (b) Hand-selected Ground Truths Marked

Fig. 14: Comparison of the original 3D image and the hand-selected ground truths.

The thresholded responses for the Sobel, Canny, and CG methods are shown in
Figure 15. This figure qualitatively shows that the CG method performs better than
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both Canny and Sobel in highlighting the fine-grained detailed edges. Also, we show
that the Canny method performs much better than the Sobel method at finding com-
plex 3D boundaries. However, it is important to note that despite these observations,
none of the methods fully align with the ground truth shown in Figure 14b when using
eigenvalue ratios alone. This limitation underscores the challenge of achieving high
accuracy on manually defined boundaries through analytical approaches. Advanced
decision-making capabilities that better handle hand-selected boundary characteristics
are more effectively implemented in deep learning classifiers [30, 32].

Table 5 compares our methods with the previously defined evaluation criteria. The
precision, recall, F1, and BF scores of all methods are shown when compared against
the hand-selected ground truth in [29]. With metrics such as the F1 score, Canny
has worse results than Sobel. However, the BF score shows that the Canny method
performs better than the Sobel method and finds the edges that are proximate to the
boundaries. This aligns with the fact that the BF score is more related to human-
perceived results for boundary detection and seems to match our qualitative results
from Figure 15. For our CG method, results are similar to what we expected, with the
CG method consistently performing better than the standard analytical methods for
both F1 and BF scores.

Metric Sobel Canny CcG

Precision 0.7837 0.7840 0.8142
Recall 0.9755 0.9139 0.9494
F1 0.8691 0.8440 0.8766
BF Score 0.4834 0.5815 0.6321

Table 5: Performance metrics for
Sobel, Canny, and CG edge detection
methods, including precision, recall,
F1 score, and boundary-focused (BF)
score. All metrics are evaluated against
the ground truth

7 Conclusion

This work builds upon the work in [7], where the connection between the spectra of
the KL transform and the spectra of Cayley graphs is first made. In our research, we
extend the previous method to higher dimensions. First, we introduce higher dimen-
sional symmetry groups (S,,)"V created from the direct product of groups and their
corresponding Cayley graphs. Then, we use the appropriate Cayley graph generator
function to extract the decorrelation information from the N-dimensional autocorre-
lation matrix. The properties of the resulting Cayley graph spectra have behaviors
similar to those of the KL spectra, which are advantageous for minimizing the non-
zero coefficients and obtaining decorrelation information. Thus, our research provides
an alternative way to obtain N-dimensional decorrelated spectral information.
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(a) Sobel Edge Detection (b) Canny Edge Detection

(c) CG Method Detection

Fig. 15: Comparative visualization of edge detection methods

The realistic application of our method is then shown through comparison to
standard methods for various tasks. We first applied our method to applications
including signal classification and compared our CG-based methods to DFT, DCT,
and mel-scaled coefficients for signal classification, which showed the CG spectra have
decorrelation information that is useful and can complement other methods. We then
also used higher-dimensional signals for 2D feature matching and compared them
against methods such as SIFT and DAISY. Our CG method ended up having more
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feature matches with higher amounts of rotation invariance. For a third example, 3D
edge detection, our method performs better than the standard analytical methods of
3D Sobel and 3D Canny methods for many metrics. While our method demonstrates
computational advantages over autocovariance-based approaches, convolution-based
methods are generally more efficient and widely adopted for realistic applications.
Future work will focus on optimizing our approach to further reduce computational
complexity and improve its practical applicability. Overall, this research extends the
connection between KL transform and Cayley graph spectra to higher dimensions and
provides evidence of its practical value across multiple tasks.
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