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Abstract. Granger causality testing remains widely used for assessing
relationships amongst time series, despite being limited to traditional
bivariate time series analysis settings. The method entails selecting a lag
order for vector autoregressive models, followed by statistical testing.
The purpose of this work is to develop lag order selection methods that
are explicitly aligned with the objectives of Granger causality testing,
rather than general model fit. We propose two approaches for selecting
lag order specifically tailored for Granger causality testing. Traditional
methods, such as information criteria (AIC, BIC, HQIC) and sequential
likelihood ratio tests, prioritize model fit but do not directly optimize
for Granger causal significance. In contrast, our Granger-based meth-
ods determine lag order by measuring the impact of an independent
variable’s lagged values on a dependent variable, aligning with the core
tenets of Granger causality. The first approach, Granger minimum p-
value, is similar in structure to an information criterion but differs by
optimizing Granger causal significance rather than model fit. The sec-
ond, Granger-based likelihood ratio, refines likelihood ratio testing by
isolating the effect of lagged predictors. Using datasets with known lag
structures, we demonstrate these methods can outperform conventional
lag order selection approaches and excel under different noise conditions.
Our findings highlight both methods’ potential for improving traditional
Granger causality analysis in time series.
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1 Introduction

Modeling influence among time series is a critical aspect in areas such as forecast-
ing [5], anomaly detection [16], self-supervised classification [23], clustering [11],
causal structural learning [24], and many other applications. Granger causality,
a test introduced by Clive Granger [7], leverages vector autoregressive (VAR)
models to determine whether past values of an independent time series variable
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x influence, or have predictive power for, future values of a dependent time se-
ries variable y. A reliable Granger causality result depends on the selection of a
lag order that accurately captures the time-lagged relationship between x and
y. Therefore, selecting the correct lag order is a critical component of applying
Granger causality to time series data and can impact downstream tasks such
as forecasting, anomaly detection, and causal modeling, where underestimating
temporal structure can lead to model misspecification or misleading conclusions.

Several approaches exist for lag order selection in VAR modeling. One com-
mon method involves calculating a tradeoff between goodness of fit and model
simplicity, referred to as information criterion tests (ICTs). Popular ICTs include
the Akaike Information Criterion (AIC) [1, 2], Bayesian Information Criterion
(BIC) [17], and Hannan-Quinn Information Criterion (HQIC) [8]. These ICTs
fit time series models across all candidate lags and select the lag that minimizes
the criterion and goodness of fit. An alternative approach involves performing
sequential likelihood ratio (LR) tests, which iteratively test the null hypothesis
that simpler models offer comparable explanatory power. Sequential LR tests
proceed by starting with the largest lag and descending through the candidate
lags, selecting the most recent lag for which the null hypothesis is not rejected.
While sequential LR tests provide better Type I error control than ICTs due
to the nested nature of the tested models, both methods focus primarily on
model fit and do not directly leverage the principles underlying Granger causal-
ity. Therefore, we hypothesize that lag selection, when used as a preprocessing
step for Granger causality estimation, can be improved.

For a time series x influencing a time series y, Granger causality models their
relationship at varying time lags. However, existing lag order selection methods
do not explicitly account for causal mechanisms. To address this, we propose
two Granger-based approaches that integrate causality testing into lag selection.
The first, Granger Minimum p-value (GMP), tests Granger causality across can-
didate lags and selects the lag with the lowest p-value. While not an information
criterion specifically, GMP accounts for model complexity via degrees of freedom,
paralleling the penalization of complexity in AIC, BIC, or HQIC. The second
approach, termed Granger-based likelihood ratio (GLR), adapts sequential LR
testing by isolating the influence x exerts on y: it varies only the number of
lags of x, while keeping the number of lags of y fixed. This ensures that the lag
order selection process isolates the temporal influence of x on y, avoiding the
confounding effects of changes in model fit that arise from varying the number of
y-lags. By remaining closely tied to the well-established LR testing framework,
the GLR method is more theoretically grounded and thus better equipped to
control Type I error.

To evaluate the efficacy of these Granger-based approaches, we conduct ex-
periments using simulated time series datasets with known lag structures. Per-
formance is assessed by comparing predicted lag orders against ground truth
lags and benchmarking GMP and GLR against traditional methods, including
information criteria (AIC, BIC, HQIC) and sequential LR tests. Our evaluation
is guided by three hypotheses:
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– The GMPmethod will outperform traditional information criteria approaches
(AIC, BIC, HQIC) in identifying true lag structures by optimizing for Granger
causal significance rather than overall model fit.

– The GLR method will outperform traditional and small-sample-corrected LR
tests in identifying true lag structures due to its focus on Granger causality
principles, while still maintaining the Type I error control benefits of the
sequential LR testing procedure.

– The GLR method will outperform the GMP method by isolating variation
in x-lags while holding y-lags constant, thereby reducing confounding effects
from y in the estimation of lag order under noisy conditions.

The remainder of this paper is organized as follows. In Section 2, we review
background material on Granger causality and VAR lag order selection. Sec-
tion 3 surveys prior work on lag order selection in Granger causality, including
comparisons between information criteria and sequential likelihood ratio testing.
In Section 4, we present the proposed GMP and GLR methods and introduce the
simulated datasets used for evaluation. Section 5 reports experimental analyses
comparing GMP and GLR against information criteria and traditional sequen-
tial likelihood ratio tests, demonstrating improved lag selection performance and
robustness across varying noise levels.

2 Background

2.1 Granger Causality

Given two time series variables, x and y, Clive Granger introduced the concept
of Granger causality, a test which evaluates whether knowledge of past values
of x increases the predictability of y [7]. To test Granger causality, two vector
autoregressive (VAR) models are fit. The first, the restricted model, is shown in
eq. (1) and includes only past values of y. The second, the unrestricted model, is
shown in eq. (2) and includes past values of both x and y. In eq. (1) and eq. (2),
m denotes the number of past observations (lags) included in the model.

Rm : yt = b0 +

m∑
i=1

bi yt−i + εt (1)

Um : yt = b0 +

m∑
i=1

bi yt−i +

m∑
j=1

aj xt−j + ηt (2)

The null hypothesis, shown in eq. (3), is that there is no difference between er-
ror of the restricted and unrestricted models. The alternative hypothesis, shown
in eq. (4), is that the variance of the error of the unrestricted model is signifi-
cantly less than that of restricted. If the null hypothesis is rejected, this provides
evidence in support of the alternative hypothesis and it is said that x Granger-
causes y. Nevertheless, because Granger causality tests whether previous values
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of x have a temporal relationship with y, Granger causality should be under-
stood as the presence of predictability rather than a statement about definitive
causation [19].

H0 : Var(η) = Var(ε) (3)

H1 : Var(η) < Var(ε) (4)

To perform Granger causality testing there are three common approaches.
The first is block exogeneity testing, the second is an F -test between the sum
of squared errors of the unrestricted and restricted models, and the third is
a likelihood ratio test between the unrestricted and restricted models [19, 6]. In
this work, we implement Granger causality testing using the likelihood ratio test.
Since we will be comparing our Granger-based lag order selection approaches to
methods that frequently rely on log-likelihoods or likelihood ratio tests, this
choice ensures more direct and meaningful comparisons.

When applying ICTs or LR tests for lag order selection in Granger set-
tings, the unrestricted model Um is typically used, since it captures lagged ef-
fects of both x and y. However, these criteria remain oriented toward model fit,
rather than explicitly aligning with the causal objective of determining whether
x Granger-causes y. This gap motivates the development of lag selection methods
tailored to Granger causality, such as GMP and GLR.

2.2 Lag Order Selection

A crucial consideration in Granger causality testing is determining the appropri-
ate number of lags to include in the model. In eq. (1) and eq. (2), m represents
the lag order of the model, a key parameter that determines how many past
observations are included in the analysis. The selection of m is therefore a key
concern in Granger causality testing and serves as the primary focus of this
paper.

When fitting VAR models, choosing too small of a lag can lead to misspec-
ified models, while choosing too large of a lag can lead to overfitting and poor
forecasting performance [19, 4, 14]. Lag order selection for VARs is a widely in-
vestigated topic that generally involves the use of a criterion to determine what
lag order should be used. We provide background on two categories of lag selec-
tion that employ (1) information criteria techniques (ICTs) and (2) sequential
likelihood ratio (LR) testing.

Information Criteria Techniques Akaike Information Criterion (AIC) [1, 2],
Schwarz Bayesian Information Criterion (BIC) [17], and Hannan-Quinn Infor-
mation Criterion (HQIC) [8] are ICTs which are commonly applied to lag order
selection. Defined below, these criteria all incorporate the number of model pa-
rameters (|θ|) and the maximum value of the likelihood function (L̂) evaluated
at the estimated parameters.
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AIC = 2 · |θ| − 2 ln(L̂) (5)

BIC = |θ| · ln(n)− 2 ln(L̂) (6)

HQIC = 2 · |θ| · ln(ln(n))− 2 ln(L̂) (7)

AIC, BIC, and HQIC all aim to strike a balance between two components: the
complexity penalty (first term in each equation) and the goodness of fit (last term
in each equation). The complexity penalty discourages overfitting by penalizing
models with more parameters, while the goodness of fit reflects how well the
model performs on the training data. For each candidate lag m ∈ {1, . . . ,M}, an
information criterion value is computed, and the lag with the minimum criterion
value is selected as m̂, as smaller criteria values indicate a model which is fit
well without being overspecified. When applying these criteria in the context
of Granger causality, we compute all information criteria using the unrestricted
Granger model (Um, shown in eq. (2)), excluding the restricted model since Um

captures the interactions between the dependent and independent variables.

Sequential Likelihood Ratio (LR) Tests Another approach to lag order
selection involves a sequential likelihood ratio (LR) test [9, 14]. This test com-
pares sequential models in a descending order starting from the maximum lag.
It aims to identify a significant drop in performance from one model to the next.
Such a difference indicates that removing the previous lag significantly impedes
the model’s performance, thereby identifying the optimal lag to characterize the
time-lagged relationship.

Specifically, considering a maximum lagM , and a counter i = 1, 2, . . . ,M , the
null hypothesis is that the model at M − i provides an adequate fit to the data,
and is conditioned on all previous null hypotheses being true. The alternative
hypothesis is that the model at M − i + 1 provides a significantly better fit.
When an individual likelihood test yields a statistically significant result, the
lag of M − i + 1 is chosen as the optimal lag, m̂. The test statistic for the LR
test is shown in eq. (8), where L̂m is the maximum likelihood of a VAR at lag
m and N is the effective sample size.

λLR(i) = N
[
ln(L̂M−i)− ln(L̂M−i+1)

]
, i = 1, 2, . . . ,M (8)

The LR test is typically utilized withK-dimensional VARs where all variables
are jointly modeled. That is, every variable depends on previous values of itself
and all other variables. In such settings, each successive lag introduces K2 ad-
ditional parameters. This differs from the context of bivariate Granger causality
testing, where the unrestricted model at each lag (Um, shown in eq. (2)) includes
only one dependent variable modeled on its own past values and the past values of
the independent variable. In this case, each additional lag adds only two param-
eters, one for the lagged dependent variable and one for the lagged independent
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variable, as opposed to K2 parameters in multivariate VARs. Accordingly, when
applying sequential LR tests in the context of Granger causality, we do so using
the unrestricted Granger model Um, comparing sequential instances across lags.
Each test statistic follows a χ2(K) distribution, where K = 2 in our case, since
two additional parameters are introduced at each lag.

In contexts where N is not sufficiently large compared to the number of
parameters, a small-sample correction can be applied to create the small-sample
correction likelihood ratio (SLR) test statistic, as shown in eq. (9) [9, 21]. This
correction is represented by the term S, defined in eq. (10).

λSLR(i) = S
[
ln(L̂M−i)− ln(L̂M−i+1)

]
(9)

S = N − (M − i+ 1)K (10)

It is important to distinguish the overall Type I error probability of the se-
quential LR testing procedure from the significance threshold of the individual
tests [14]. As the number of individual tests increases, the cumulative probabil-
ity of making at least one Type I error also increases. However, it is difficult to
vary the individual significance thresholds at different lags in a way that appro-
priately minimizes Type I error [14]. Therefore, we rely on a fixed significance
threshold when conducting each individual likelihood ratio test. This approach is
summarized by Lütkepohl who also defines the approximate probability of Type
I error as is shown in eq. (11), where εi represents the cumulative probability
of a Type I error after i tests, and γi denotes the significance level of the i-th
individual test. Note that one may also use eq. (11) to control the overall Type
I error probability by solving for a common individual significance level corre-
sponding to a desired cumulative error rate; however, this method still requires
that the significance level remain constant across all lags.

εi = 1− (1− γ1) · · · (1− γi), i = 1, 2, . . . ,M. (11)

When applying the sequential LR and small-sample correction (SLR) tests,
we follow Ivanov and Kilian’s convention by using a 0.01 significance level for
individual tests [9]. This threshold is commonly adopted in statistical analyses
and aligns with established norms. While Ivanov and Kilian also report results
using a 0.05 threshold, they limit their maximum lag to 12. In contrast, our
investigated dataset (described in Section 4.3) employs a maximum lag of 21. In
this case, utilizing a significance threshold of 0.05 would substantially increase
overall probability of Type I error, as indicated by eq. (11). For this reason, we
maintain the more conservative 0.01 threshold throughout our experiments.

3 Related Work

Several works have considered different lag selection methods in the context of
VAR models. In practice, there is never one criterion that consistently outper-
forms the others, suggesting that the optimum criterion choice is often a matter
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of application and dataset [9]. AIC has been shown to perform well at small sam-
ple sizes [12]. However, AIC can be prone to overfitting, with BIC often being
more robust [10]. Additional work has shown that BIC and HQIC consistently
perform well at true lag order prediction and are a reasonable choice of criteria
when there is limited selection information [13]. Practically, the use of AIC, BIC,
and HQIC is similar to the use of sequential LR tests, with the penalty term
having a similar effect on the criterion values as the critical value on the outcome
of the sequential LR tests [9]. Some experimental evidence shows that, in certain
circumstances, the information criteria dominate the sequential tests [9]. Works
also note that when dealing with small samples, the LR test is a particularly
poor performer while the SLR test is more adaptable in such circumstances [9,
13].

Investigation into lag order selection techniques is typically limited to VARs
and extensive investigations are lacking in Granger causality contexts specifically.
A search of the lag space is often required to ensure robust Granger causality test-
ing [22] and many works rely on choosing lag based on the minimum of an ICT
[4, 22]. In cases where time delays are not fixed but variable, previous research
has explored adaptations of Granger causality to account for these variations [3].
In high-dimensional and multivariate settings, regularization-based approaches
have been proposed to shrink coefficients and determine lag order [15, 20, 18]. In
contrast, our work focuses on the traditional bivariate Granger causality frame-
work, where a single predictor (x) and response (y) are considered, and the goal
is to identify a single optimal lag order.

4 Methodology

We present two methods for selecting lag order: the Granger Minimum p-value
method (GMP) and the Granger sequential Likelihood Ratio test (GLR). We
describe each method in turn and then describe a simulated dataset designed to
test the efficacy of each.

4.1 Granger Minimum p-value (GMP)

When using ICTs (such as AIC, BIC, and HQIC) to select the lag order in a
VAR model, one typically chooses the lag that minimizes the chosen criterion.
Each information criterion balances model fit (i.e., how well the model explains
the data) against model complexity (i.e., the number of parameters), penalizing
models that increase complexity without substantially improving fit. However,
in a Granger causality context, we can exploit more than just fit-based informa-
tion regarding a single model. Specifically, because we are interested in whether
one time series “Granger-causes” another, it can be effective to select the lag at
which the strongest apparent causal influence occurs. To incorporate this notion
of influence directly into the selection process, we replace the concept of “maxi-
mizing goodness-of-fit” used in standard ICTs with the concept of “maximizing
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inferred causal influence.” In practice, this can be done by identifying the lag
for which the strongest evidence for Granger causality is present.

To execute this, we perform Granger causality testing by conducting likeli-
hood ratio tests at each lag between a restricted model (Rm) and unrestricted
model (Um). That is, for each lag m, we compare the likelihood of Rm (which
only includes m-lags of y (eq. (1))) to the likelihood of Um (which contains m-
lags for both x and y (eq. (2))) 3. We choose an LR-based approach to Granger
causality testing because it closely aligns with the traditional ICTs use of log-
likelihoods in the calculation of goodness-of-fit. Except instead of leveraging the
goodness-of-fit of just one model, we leverage the difference in fit between re-
stricted and unrestricted models in line with the principles of Granger causality.
The calculation of the test statistic (λGC) is defined in eq. (12), where L̂ de-
notes the maximum value of the likelihood function evaluated at the estimated
parameters.

λGC(m) = −2(ln(L̂Rm
)− ln(L̂Um

)), m = 1, 2, 3, . . . ,M. (12)

To arrive at a set of p-values we use a chi-square distribution where the
degrees of freedom is the difference in parameters between the restricted and
unrestricted models. In this context, the difference is always equal to the number
of lags used, i.e., m. Thus, given λGC(m), we use a χ2(m) distribution to arrive
at a final p-value for each lag m. These p-values offer insight into evidence of
Granger causality at each lag.

Intuitively, smaller p-values indicate greater confidence that the hypothesized
causal influence is present at the given lag. Thus we select the lag which yields
the smallest (i.e., the most significant) Granger causality p-value, as is shown in
eq. (13) where pm is the p-value at lag m and m̂ is the selected lag. We refer
to this new method as Granger Minimum p-value (GMP). Importantly, because
we select the minimum p-value, any adjustments via Type I error rate control
or false discovery rate methods would not alter the ranking; hence, additional
multiple testing corrections are unnecessary.

m̂ = arg min
m∈{1,...,M}

pm (13)

By identifying the lag with the strongest evidence of Granger causality, GMP
bases its decision of lag on “maximizing inferred causal influence” rather than
on “maximizing goodness-of-fit,” as in traditional ICTs. Further, similar to how
ICTs directly compute a complexity penalty, the p-value lookup in GMP inher-
ently penalizes additional complexity: as m increases, the degrees of freedom

3This process should not be confused with that of sequential LR tests, which com-
pare model fit at one lag to the next. This application of a likelihood ratio test specifi-
cally for Granger causality limits testing to a restricted and unrestricted model at the
same lag.
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also increase, and consequently the p-value is penalized unless the added com-
plexity substantially improves observed causal influence. A visual illustration of
this behavior is provided in Appendix B.

4.2 Granger Sequential Likelihood Ratio Test (GLR)

In Granger causality analyses, the central objective is to determine whether
x Granger-causes y. From this perspective, selecting the lag where x appears
to exert the strongest influence on y (as in the GMP approach) is intuitively
appealing. However, while GMP offers a direct way to capture maximal influence,
it is best viewed as a heuristic; it does not provide a predictable or theoretically
grounded mechanism for controlling Type I error.

In contrast, sequential likelihood ratio tests (LR tests) offer a more formal-
ized procedure for controlling Type I error because they test nested models in
a descending manner. Even if the null hypothesis is rejected prematurely, the
selected model still retains higher-order terms that nest the true lag structure.
Note that Type I errors are still possible (i.e., a late rejection where a lag below
the true order is chosen); however, early rejections do not eliminate the correct
lag from the model space. As a result, this approach naturally guards against
spurious findings in a way that GMP, by design, cannot.

The LR and SLR test sequential models where each model is specified in
accordance with eq. (2). However, as the number of lags changes in the traditional
unrestricted Granger model, shown in eq. (2), both the number of y-lags and the
number of x-lags change. To isolate the varying x-lags, we adapt eq. (2) for the
application of a sequential Granger-based LR test (GLR). Equation (14) shows
this adapted unrestricted model estimated at lag m, where the autoregressive
order of yt is fixed atM lags while the number of xt lags is set tom. We fit models
for m = 1, 2, . . . ,M , such that the only difference between models is the varying
number of x-lags, which vary in accordance with m. Then these models can be
compared using the traditional sequential LR or SLR frameworks. Thus, the key
difference between the GLR and traditional LR testing lies in the specification
of the underlying model used.

In this work, we implement the GLR with a small-sample correction in ac-
cordance with eq. (9) and use a significance level of 0.01. The GLR employs
a chi-square distribution with one degree of freedom, as each subsequent model
varies by only one term. This differs from the LR and SLR, which use two degrees
of freedom because both x- and y-lags vary between models.

yt = b0 +

M∑
i=1

bi yt−i +

m∑
j=1

aj xt−j + ηt, m = 1, 2, . . . ,M. (14)

By adapting the sequential likelihood ratio framework so that each nested
model differs only in the number of x-lags included, while keeping the number
of y-lags fixed, we effectively merge the principles of Granger causality with the
safeguards of sequential LR tests. The GLR approach ensures that the selected
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lag reflects x’s direct temporal influence on y, aligning naturally with the fun-
damental principle of Granger causality. While this modification is straightfor-
ward in implementation, it could significantly impact lag selection and therefore
Granger causality estimates in causal inference.

4.3 Dataset

We utilize simulated datasets with known causal influences and lag labels to
enable ground-truth evaluation, which is infeasible with real-world data. Each
dataset consists of two sets of time series, X and Y, where subsets of X influence
subsets of Y through controlled time-lagged dependencies.

Specifically, 24 X series are created by inserting impulse spikes, applying
smoothing, and adding Gaussian noise. Then, 18 Y series are generated in
groups, where each group of Y is derived from the pointwise sum of a corre-
sponding group of X series. Within each group, the resulting summed signal is
shifted by a random temporal lag and perturbed with additional Gaussian noise
to create individual Y series. Consequently, only those X–Y pairs belonging to
the same group share a ground-truth causal relationship, while all other cross-
group pairs are non-causal. The applied temporal shift (i.e., true lag) for each
causal X–Y pair is randomly selected from a uniform range between 7 and 21.
We explicitly record which X series contribute to each Y and the correspond-
ing lag, enabling ground-truth evaluation of both whether a method can detect
a time-lagged relationship and whether it can correctly identify the lag that
characterizes it.

We generate 100 independent X datasets. For each X dataset, three corre-
sponding Y datasets are created, one for each noise level, with added Gaussian
noise of standard deviations σ = 1, σ = 2, and σ = 3, corresponding to approxi-
mate SNRs of −5, −10, and −13 dB, respectively.4 This replication allows us to
report averaged performance metrics and assess the consistency of each method
under repeated random variation. For completeness, pseudocode for generating
X and Y is provided in Appendix A.

5 Results

5.1 Causality Identification

To assess the ability of the sequential LR tests to correctly identify the pres-
ence or absence of time-lagged relationships, we report a range of performance
metrics5 in Table 1. The reported values represent averages across all 100 ex-
periments. For each experiment, these metrics are calculated at each noise level
across all time series pairs between X and Y, so that some pairs contain true

4In Tables 1 to 4, noise levels are denoted as N , and σ = 1, σ = 2, and σ = 3 are
abbreviated as σ1, σ2, and σ3, respectively, to conserve horizontal space.

5All sequential LR-based tests (LR, SLR, and GLR) are implemented with a con-
servative significance threshold of 0.01.
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time-lagged relationships while others do not. In this evaluation, lag identifica-
tion is treated as a positive outcome and non-identification as a negative out-
come. We limit our analysis to the sequential LR tests and exclude the ICTs,
which always select a lag based on the minimum criterion and, consequently, pre-
vent a meaningful analysis of false positives and true negatives. That is, ICTs
always report a false positive rate of 100%. Because averages can obscure vari-
ability across trials, we also include boxplots in Figure 1 to show the distribution
of the various metrics across the 100 experiments for each noise level.

In low-noise conditions, GLR outperforms both LR and SLR across all met-
rics (except recall, where all methods tie), as shown in Table 1. As noise increases,
GLR maintains notably higher average recall than LR and SLR. This trend is
reinforced by the recall boxplots in Figure 1, where GLR consistently achieves
higher recall, indicating that it is better at identifying true positives and avoiding
false negatives.

GLR generally reports higher average accuracy and F1 scores than LR and
SLR, with the exceptions of F1 at medium noise and accuracy at high noise

Table 1. Average metrics for causality identification using sequential LR Methods.
The highest value in each row is shown in bold.

N SLR LR GLR (ours)

Acc Prec / Rec F1 Acc Prec / Rec F1 Acc Prec / Rec F1

σ1 0.801 0.464 / 1.000 0.631 0.786 0.445 / 1.000 0.614 0.841 0.514 / 1.000 0.678
σ2 0.842 0.523 / 0.997 0.683 0.827 0.500 / 0.998 0.663 0.843 0.516 / 0.999 0.680
σ3 0.831 0.505 / 0.889 0.641 0.818 0.483 / 0.900 0.626 0.831 0.497 / 0.934 0.649

SLR LR GLR

0.65

0.70

0.75

0.80

0.85

0.90

Accuracy

Noise Level
σ = 1
σ = 2
σ = 3

SLR LR GLR

0.50

0.55

0.60

0.65

0.70

0.75

0.80

0.85 F1

Noise Level
σ = 1
σ = 2
σ = 3

SLR LR GLR
0.30

0.35

0.40

0.45

0.50

0.55

0.60

0.65

0.70

Precision

Noise Level
σ = 1
σ = 2
σ = 3

SLR LR GLR

0.80

0.85

0.90

0.95

1.00
Recall

Noise Level
σ = 1
σ = 2
σ = 3

Performance Metrics Across Methods and Noise Levels

Fig. 1. Distributions of accuracy, precision, recall, and F1 across 100 experiments for
each sequential LR method and noise level. In the recall plots (bottom right), both
low- and medium-noise conditions yielded near-perfect performance, with quartiles
and whiskers collapsing to 1.0 except for a few outliers.
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(where it ties SLR). Moreover, across all metrics in Figure 1, GLR exhibits a
tighter interquartile range (IQR) and shorter whiskers than the other methods,
reflecting less variability across experiments.

We also report average false positive rates (FPR) and false negative rates
(FNR) across the 100 experiments in Table 2, along with boxplots showing their
distributions in Figure 2. These results provide two key insights. First, as noise
increases, both SLR and LR exhibit progressively lower FPRs but higher FNRs.
In contrast, GLR maintains a relatively stable FPR while its FNR increases
more slowly than SLR or LR. Combined with the recall results, this suggests
that as noise grows, LR and SLR increasingly bias toward non-identification
of lag, whereas GLR achieves a better balance between identification and non-
identification. Second, regarding Type I error, Equation (11) indicates that a
sequential LR test with a 0.01 significance threshold and a maximum lag of

Table 2. Average false positive (FPR) and false negative rates (FNR) across 100
experiments for each sequential LR method.

N SLR LR GLR (ours)

FPR FNR FPR FNR FPR FNR

σ1 0.239 0.000 0.256 0.000 0.191 0.000
σ2 0.189 0.003 0.207 0.002 0.188 0.001
σ3 0.180 0.111 0.199 0.100 0.190 0.066

SLR LR GLR
0.0

0.1

0.2

0.3

0.4

0.5 FPR
Noise Level

σ = 1
σ = 2
σ = 3

SLR LR GLR
0.0

0.1

0.2

0.3

0.4

0.5 FNR
Noise Level

σ = 1
σ = 2
σ = 3

Fig. 2. Distribution of FPR and FNR across experiments for each method. In the
FNR plots (bottom), both low- and medium-noise conditions yielded near-perfect per-
formance, with quartiles and whiskers collapsing to zero except for a few outliers.
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21 should yield an approximate Type I error rate of 19.02%. The GLR’s FPR
distribution is more tightly centered around this expected value than that of LR
or SLR, suggesting that it more faithfully adheres to theoretical error control.

5.2 Evaluation of Lag Estimation Accuracy

Next, we evaluate GMP and GLR’s ability to recover the correct lag order in
time series pairs where a causal relationship exists (true positives). In Table 3,
we report the average mean absolute error (MAE) for each method, computed by
comparing predicted lag values against the ground truth lags recorded during
dataset generation. Because the metric represents error, lower values indicate
better performance. Within ICTs, GMP significantly outperforms other criteria
at medium- and high-noise. Among LRs, GLR achieves the best performance
under medium- and high-noise conditions, although SLR has an advantage under
low noise.

Table 3. Average mean absolute errors (MAEs) for lag order prediction across 100
experiments, restricted to true positive causal pairs. Results are shown separately for
ICT and LR groups, with the best-performing method within each group and noise
level shown in bold.

N ICTs Sequential LR Tests

AIC BIC HQIC GMP (ours) LR SLR GLR (ours)

σ1 0.430 10.838 2.890 0.465 0.432 0.369 0.415
σ2 4.152 12.489 11.709 1.035 0.469 0.417 0.372
σ3 9.749 12.584 12.524 2.197 0.623 0.556 0.508

Figure 3 shows boxplots of the raw lag prediction errors for the ICT methods,
where error is defined as the ground truth lag minus the predicted lag. Thus,
positive values correspond to underpredictions (choosing a lag smaller than the
ground truth), while negative values correspond to overpredictions (choosing
a lag larger than the ground truth). Underpredictions are undesirable because
they do not nest the true lag structure, whereas overpredictions preserve it. The
plot highlights GMP’s robustness to noise relative to AIC, BIC, and HQIC.
Both BIC and HQIC exhibit a consistent bias toward underprediction across all
noise levels, and AIC shows a similar tendency at medium and high noise. By
comparison, when GMP does err, it tends to overpredict, which is more tolerable
since the true lag remains nested within the larger structure.

We omit raw error boxplots for the likelihood ratio (LR) tests, as all three
variants yield Q1 = Q3 = 0—indicating that at least 75% of signed errors are
exactly zero. This concentration of values collapses the interquartile range and
undermines the interpretability of a boxplot visualization. Instead, we report
raw counts of exact predictions, overpredictions, and underpredictions of lag in
Table 4.
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Fig. 3. Raw lag prediction errors for ICT methods (AIC, BIC, HQIC, and GMP). Each
boxplot summarizes 7,200 values (72 causal relationships across 100 experiments). Error
is defined as ground truth lag minus predicted lag.

Table 4. Lag prediction outcome counts for sequential LR methods. For each noise
condition, NTP denotes the number of true positives identified; the remaining columns
report whether the selected lag was exact, an overprediction, or an underprediction.

N SLR LR GLR (ours)

NTP Exact Over Under NTP Exact Over Under NTP Exact Over Under

σ1 7200 6688 512 0 7200 6611 589 0 7200 6637 563 0
σ2 7180 6648 531 1 7183 6575 607 1 7195 6657 537 1
σ3 6399 5747 537 115 6478 5744 620 114 6724 6125 529 70

NTP denotes the number of true positives, cases where a ground-truth causal
relationship existed and was correctly identified. However, even when a ground-
truth causal relationship is identified for a time series pair, an underprediction
of the actual lag that characterizes that relationship can still occur. Such an
underprediction is inherently a false positive. Of particular interest in Table 4
is the high-noise condition (bottom row). Under this condition, GLR detects
substantially more true positives than either SLR or LR (NTP = 6724 vs. 6399
and 6478, respectively), consistent with its higher recall observed in Figure 1;
moreover, GLR achieves more exact predictions of lag (6125 vs. 5747 for SLR
and 5744 for LR). Furthermore, despite its larger effective sample size, GLR
reports fewer underpredictions (70 vs. 115 and 114). These results indicate that
GLR not only recovers more causal pairs under challenging noise but also does
so with less risk of underestimation.

6 Conclusions

Our results show that lag selection approaches guided by Granger-specific prin-
ciples can outperform traditional approaches such as information criteria tests
(ICTs) and sequential likelihood ratio (LR) tests. Both the Granger Minimum
p-value (GMP) and sequential Granger-Likelihood Ratio (GLR) methods align
lag selection directly with the objectives of Granger causality testing, yielding



Granger Lag Selection 15

improvements in identifying true causal relationships and maintaining robust-
ness to noise. The GMP method optimizes lag selection by maximizing Granger
causal significance rather than overall model fit, allowing it to outperform tra-
ditional ICTs, particularly under medium- and high-noise conditions. The GLR
method extends the sequential LR framework to isolate the influence of x-lags
while holding y-lags fixed, thereby preserving Type I error control while im-
proving sensitivity to causal structure. Across experiments, GLR demonstrated
consistent performance across noise levels and greater recall of true causal influ-
ences compared to standard LR and SLR methods.

While both methods improve lag order selection for Granger causality estima-
tion, they are suited to different analytical goals. When a definitive lag order is
required for downstream applications or modeling tasks, GMP may be preferable
since, like traditional ICTs, it always selects a lag. Conversely, when statistical
rigor and Type I error control are of greater concern, GLR provides a principled
alternative that integrates the advantages of sequential LR testing with Granger-
specific considerations. By improving the reliability of lag order selection, these
methods have direct implications for downstream time series tasks, including
forecasting, anomaly detection, and causal inference, where accurate temporal
characterization is critical for robust modeling and interpretation. Overall, these
findings demonstrate that aligning lag order selection directly with the principles
of Granger causality improves both interpretability and reliability in causal time
series analysis, particularly under noisy conditions.
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A Simulated Datasets Pseudocode

In algorithms 1 and 2 we detail the pseudocode for creating the simulated
datasets X and Y. For algorithm 1, we use NX = 24 to generate 24 independent
X time series. For algorithm 2, we use gsizeX = 4, gsizeY = 3, and Ngroups = 6;
this configuration produces 18 time series in each Y dataset when NX = 24.
Each group of four X series jointly influences three corresponding Y series, such
that each causal Y is generated from a subset of four X series via a pointwise
sum and a random temporal shift (lag) selected from 7 to 21. This results in six
groups of related series and a total of 72 causal X–Y pairs per dataset. In al-
gorithm 2, the noise variable controls the standard deviation of added Gaussian
noise, which is varied from 1 to 3 to produce the three different Y datasets gen-
erated for each X. We conduct 100 experiments, generating 100 independent X
datasets, each paired with three corresponding Y datasets at the three different
noise levels (n = 1, n = 2, n = 3).

Algorithm 1: Simulated data generation algorithm for creating the X
time series dataset.
Input: Number of time series in X (NX)
Output: Dataset X containing NX time series
1. Initialize NX time series with zeroes, each time series with 1000 points;
2. Randomly add 1s (spikes) to each time series according to N (0, 1) > 1.5;
3. Smooth each time series using a sinc function (to create structured signals
from the added spikes) ;

4. Add Gaussian noise to each with N (0, 0.3) ;

Algorithm 2: Given X time series, generate related Y time series.

Input: Dataset X, noise level (n), X group size (gsizeX), Y group size
(gsizeY), number of groups (Ngroups)

Output: Dataset Y
c = 0;
while c < Ngroups do

Xtemp = X[gsizeX · c : gsizeX · c+ gsizeX];
i = 0;
while i < gsizeY do

Take a pointwise sum of the members of Xtemp;
Shift lag, m, to the right by a random amount (7 to 21);
Add Gaussian noise N (0, n);
Append to Y dataset;
Save m as ground truth lag for time series pair;
i = i+ 1;

end

end
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B Visual Example for Single Time Series Pair

The plots in Figure 4 illustrate the motivation behind the GMP approach by
breaking down the components of the ICTs across lags for a low-noise time series
pair with a true lag of 10. In the leftmost plot, the true lag is visually evident
in the AIC, BIC, and HQIC curves. However, only AIC and HQIC report a
minimum criterion value at a lag of 10. BIC’s minimum value occurs at a lag
of 1, suggesting that model fit and additional complexity are not effectively
balanced. This imbalance is further demonstrated in the middle plot, which
separates the complexity penalty and goodness-of-fit components. In the case of
BIC, the complexity penalty is too strong, overpowering the goodness of fit term
and leading to a significant underprediction of the lag.

In contrast, the rightmost plot shows that the Granger causality p-values drop
markedly at a lag of 10, but do not descend further. The inset plot shows that,
for lags greater than 10, the additional degrees of freedom impose an effective
penalty, preventing the p-value from decreasing further. Ultimately, this results
in a global minimum occurring at the optimal lag of 10.
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Fig. 4. ICT for one low noise (σ = 1) time series pair with a true time-lagged relation-
ship characterized by a lag of 10. Left: Plotting the traditional ICT (AIC, BIC, HQIC)
across 21 lags with IC minimums indicated by dots. Middle: Plotting the goodness of fit
and complexity penalty terms for AIC, BIC, HQIC. Right: Plotting the log likelihood
functions across 21 lags for the restricted and unrestricted Granger causality models.
The associated Granger causality p-values are also plotted with the minimum indicated
by a dot. The inset figure decreases the y-axis’s scale and shows the Granger p-values
past a lag of 10.


