Improving photon count and flat profiles of multiplex imaging
systems with the odd-symmetric quadratic phase modulation mask
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The challenge in the miniaturization of optical systems is the reduced light collection ability
of the smaller apertures associated with shorter working distances. In this paper, a wavefront
coding approach to enlarge aperture sizes while maintaining working distances is proposed,
wherein an odd-symmetric quadratic phase mask is employed to modify the optical transfer
function of the imager and enable the capture of images in front of the focal plane. Criteria
for working distance reduction are described and simulated imaging results are presented.
Limits imposed on working distance reduction are described and a method to treat the
resulting space variant impulse responses with this wavefront coding imager is explained.
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1. Introduction
Recent scientific advances in the development of
optical sensors have witnessed the emergence of a
design philosophy in which the burden of image
formation is distributed between the optics and
electronics of an imaging system. Russell and
Goodman have described filtering techniques
involving the modification of incoming light waves
(pre-detection filtering) in tandem with electronic
signal processing (post-detection filtering) to
enhance the overall imaging performance of optical
sensors.1 On another front, researchers have drawn
inspiration from nature's design of the compound
eyes of arthropods and developed multiplex
imaging sensors which also rely on the joint
functioning of optics and electronics to obtain
visual information.2,3 This imaging architecture
addresses the need for a flat sensor profile that
numerous applications call for.
Others have
developed a computational imaging technique
called wavefront coding to create optical sensors
that are capable of operating over extended depths
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of field.4 Wavefront coding enables optical sensors
to image objects over an extended depth of field by
modulating the phase of the incoming light wave so
as to virtually make misfocus a non-issue. Once
again, the driving principle behind these wavefront
coding imagers is the concurrent design and joint
optimization of the optical and signal processing
subsystems.
The work presented in this paper aims to
address a drawback inherent in imagers based on
the compound eye design, namely a lack of
sufficient light collection due to the miniaturized
aperture sizes of such systems.5 The use of
wavefront coding techniques to address this light
starvation issue has been proposed wherein
enhancement of form factor and light collection in
multiplex imaging systems is achieved by
introducing a cubic phase modulation (cubic-pm)
mask at the pupil plane of multiplex imaging
systems.6 It was shown through mathematical
analysis of the frequency response of the cubic-pm
imager that the capacity of wavefront coding to
remove constraints otherwise imposed by misfocus
permits the capture of images at working distances
shorter than an imager’s focal length.6 Such an
approach enables the synergistic operation of the
two computational imaging techniques namely
wavefront coding and multiplex imaging, while
simultaneously resolving various aberration-related
issues.7-11 A similar mathematical analysis of the
odd-symmetric quadratic (OSQ) phase mask imager
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has yielded an expression for the exact OTF of such
wavefront coding systems.12 In this paper, an OSQ
phase mask imaging system is applied to achieve
flat form factor imaging. Criteria for form factor
enhancement are reviewed and the trade-offs
encountered in the design process are evaluated.
2. Prerequisites for Working Distance
Reduction
Figure 1 depicts a system in which the working
distance of the imager is reduced to values less than
The original intended
its focal length.6,12.

Fig. 1. Setup for form factor enhancement. An OSQ phase
mask is introduced at the pupil of a conventional imager (a)
and the detector is brought forward to obtain a flat form factor
wavefront coding system as seen in (b). The performance of
the wavefront coding imager is compared to that of a scaled
imager (c) with the same working distance as the former. The
configuration in (b) collects more light that that in (c) by a
factor of (L2/L1)2.
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application of wavefront coding, namely enhancing
the depth of focus, required that the optical transfer
function (OTF) of the imager satisfy two important
prerequisites: invariance over a range of defocus
values and restorability of the intermediate image.
In the case of working distance reduction in
multiplex imagers, restorability remains a necessary
condition. On the other hand, the condition of
invariance to defocus can be relaxed since each subimager is quite small and object distances are
assumed to be much larger than the focal length,
resulting in a single pre-determined amount of
defocus on the optical axis for a specified working
distance. Even for an off-axis image point, a
deviation from this pre-determined misfocus value
due to aberrations is a function of the imager
specifications and therefore can be calculated and
incorporated into the design process. The modified
requirements for form factor enhancement allow for
an enlarged set of candidate masks over that
available for depth-of-focus extension.
The
necessary and desirable qualities for implementing
form factor enhancement in multiplex imaging
systems through wavefront coding techniques are
briefly discussed here.
A. Restorability of the Intermediate Image
Conventional imagers do not lend themselves well
to digital restoration under conditions of misfocus
primarily because of the presence of nulls in the
OTF of the system. This drawback prevents digital
filtering even if the object distance is a known
parameter. The solution provided by the cubic
phase mask partly lies in creating an absence of
nulls and thus making digital restoration achievable.
Reducing the working distance in an imager by
utilizing wavefront coding similarly requires an
intermediate image that can be digitally
reconstructed. The OTF of the wavefront coding
system must therefore contain no nulls and no
points of discontinuity within the spatial frequency
passband. This requirement makes restorability –
the defining prerequisite for a computational imager
– possible. This condition also automatically
guarantees an absence of contrast reversal in the
intermediate image since the OTF at the zero
frequency location is positive.

B. Availability of Spatial Frequency Bandwidth
Image degradation in a defocused conventional
imager occurs because the many nulls in its OTF
result in a much lower effective spatial frequency
bandwidth than would be available under ideal
imaging conditions. Even in cubic-pm systems, it
was seen that misfocus reduces the usable spatial
While
frequency bandwidth of the system.6
enhancing the form factor of an imager, any phase
modulation element must therefore yield an
acceptable range of exploitable spatial frequencies.
The available spatial frequency bandwidth will
generally be lower than that under diffraction
limited imaging conditions. The bandwidth yielded
by a particular phase mask under certain specified
imaging conditions could be one metric in
evaluating the applicability of that mask to form
factor enhancement. Depending on the intended
application of the imaging system, a reduced
bandwidth may be a worthwhile price to pay for a
significant boost in photon count and the associated
improvement in the optical signal-to-noise ratio
(SNR).

aberrations inherent in the system and is more
pronounced as the F/# is made smaller. In such
cases, different off-axis portions of the intermediate
image formed by a wavefront coding system may
each have to be treated with a different restoration
filter. A wavefront coding system with a frequency
response that is largely invariant to defocus greatly
simplifies this procedure, but invariance is not a
stringent condition for form factor enhancement. A
system whose OTF is slowly varying with defocus
and contains no nulls within its passband is also a
good candidate for this particular application. In
such cases, the captured image can be partitioned
into isoplanatic regions so that the impulse response
of the system is taken to be linear and shiftinvariant within each region.13 Reconstruction is
then carried out separately by applying the impulse
response associated with each region and then
combining the result to obtain a final image. A
phase modulating mask can be utilized as long as
the impulse response and the corresponding OTF
within each isoplanatic region are fixed and lend
themselves to the digital restoration process.

C. Maximization of Dynamic Range
Modulating the phase of the incoming light during
wavefront coding causes the dynamic range of the
system to be less than that of a diffraction-limited
conventional imager. The signal processing stage
corrects for this shortcoming but any noise present
in the system will also be amplified during this step.
In the cubic-pm system it was seen that raising the
strength of the phase mask in order to increase the
available bandwidth has the adverse effect of
lowering the modulation transfer function (MTF) of
the imager. It is therefore desirable that the
dynamic range of the optical sub-system be as high
as possible in order to minimize the noise gain
during reconstruction. The design of a phase profile
employed in form factor enhancement would need
to strike an optimum balance between bandwidth
and restorability, based on the demands of the
application at hand.

3. Form Factor Enhancement

D. Operability over an Extended Depth of Field
For imagers with a relatively high numerical
aperture, the magnitude of misfocus at an off-axis
point on the image plane will be markedly different
than its on-axis value. This effect is a result of

A. Frequency Response of the OddSymmetric Quadratic Phase Mask
The prerequisites for form factor enhancement
through wavefront coding discussed in the
preceding sections indicate that a family of phase
masks that are good candidates for extending the
depth of field of an imager would also be a
contender for reducing its working distance. One
phase profile that has been investigated for use in
wavefront coding applications is described along
one dimension (1-D) by the phase function,9,12,14,15
η( x) = α sign( x) x

2

; −1 ≤ x ≤ 1, α > 0

(1)

where x is the normalized coordinate at the pupil
plane, and α is a positive design constant that
controls the phase deviation and is known as the
strength of the phase mask. This phase modulation
element is termed the odd-symmetric quadratic
(OSQ) phase mask, and a mathematical evaluation
of the frequency response of an imager with this
mask has yielded an exact expression of its OTF
that holds for all values of misfocus.12 This exact
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OTF enables the determination of the imager’s
misfocus-dependent spatial frequency bandwidth
and helps identify a special imaging condition that
produces an increased dynamic range of the imager.
The exact OTF of this OSQ phase mask wavefront
coding imager along one dimension is
mathematically given by,12
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where L is the width of the aperture, f is the focal
length, do is the object distance from the first
principal plane of the lens, dc is the distance of the
image capture plane from the second principal plane
of the lens, and λ is the wavelength of light. The
spatial frequency u is expressed in normalized form
as u = fX/2fo such that –1 ≤ u ≤ 1 within the
diffraction limit. fX is the un-normalized spatial
frequency and 2fo = L/λdi is the diffraction-limited
cutoff frequency of the imager, with di being the
distance of the diffraction-limited imaging plane
from the second principal plane of the lens. The
operators C(.) and S(.) represent the Fresnel cosine
integral and Fresnel sine integral respectively.
Their arguments aT(u) and bT(u) in Eq. (2) are given
by the relation,12
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; 0 ≤ u ≤ 12

}

The expressions HC(u, ψ) and HT(u, ψ) are referred
to as the center and the tails of the OTF
respectively. In the above equation, ψ is the
misfocus parameter and is defined as,4
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Figure 2(a) shows the MTF of the OSQ phase mask
imager for various values of misfocus, while Figure
2(b) illustrates the magnitude of the ambiguity
function (AF) of this imager. It is seen from Figure
2(b) that misfocus results in a low-pass filtering

Fig. 2. MTF and AF magnitude plots of an OSQ phase mask
imager. The plot in (a) shows the normalized 1-D MTF as a
function of the normalized spatial frequency u.
The
magnitude of the ambiguity function is sen in (b), where an
absence of nulls inside the passband of the MTF marks the
operating region of this imager. The MTFs at the boundaries
of this region display a higher dynamic range than those for
other misfocus values within the area where imaging is
possible, and occurs when |ψ| = α. The value of α is set at 30π.

effect on the OTF of the OSQ phase mask imager.
Analysis of the tails of the OTF has yielded an
expression for the normalized available spatial
frequency bandwidth of the imager for a given
misfocus magnitude which is quantified by,12

uc

=

α
α+ ψ

;

ψ ≤ α, α > 0

(7)

The above equation is valid as long as the
magnitude of misfocus is less than the strength of
the phase mask.
The OTF of the OSQ phase mask imager also
helps identify special imaging conditions where the
magnitude of misfocus equals the strength of the
cubic phase mask.12 Examination of the MTF and
the AF in Figure 2 reveals that the dynamic range is
significantly enhanced when |ψ| = α.

B. Resolution and Bandwidth Definitions
The resolution and bandwidth definitions for the
different systems depicted in Figure 1 are similar to
those followed in the case of form factor
enhancement with a cubic phase mask.6 In this
work, the imaging performance of a conventional
system of aperture width L1 and focal length f1 is
compared with an OSQ phase mask system of
aperture width L2, focal length f2, and working
distance dc = f1. The aperture size and focal length
of the baseline and OSQ phase mask imagers shown
in Figure 1(a) and (b) are greater than the aperture
and focal length of the scaled imager of Figure 1(c);
that is, L2 > L1 and f2 > f1. All imagers are
considered to have rectangular apertures and the
analysis is restricted to 1-D for the sake of brevity.
The normalized spatial frequency bandwidth of
all three imaging systems shown in Figure 1 is unity
when their F/# are identical and image formation
occurs at their respective focal planes. When the
working distance of the OSQ phase mask imager is
shortened, the reduced spatial frequency bandwidth
uc given by Eq. (7) is smaller than the diffractionlimited bandwidth of the baseline imager, such that
0 < uc ≤ 1. Accordingly, the post-restoration spot
size of the OSQ phase mask imager of Figure 1(b)
is 1/uc times that of the baseline system and the
scaled imager shown in Figure 1(a) and Figure 1(c)
respectively. This enlarged spot size is described
by the expression

∆l3

⎛ 1 ⎞⎛ λf ⎞
= ⎜ ⎟⎜ 2 ⎟
⎝ uc ⎠ ⎝ L 2 ⎠

(8)

The angular resolution or minimum resolvable
angle θ is yet another measure of imaging
performance that could be employed in the
comparative analysis of the three different imaging

Submitted for publication / APPLIED OPTICS

5

configurations. The minimum resolvable angle θ of
conventional rectangular-aperture systems is given
by sinθ = ∆l/f = λ/L. Due to the small angles
generally encountered, the approximation sinθ ≈ θ
may be used. Smaller values of θ yield better
angular resolutions. The baseline imager of Figure
1(a) has an angular resolution of θ2 = λ/L2 while the
minimum resolvable angle of the scaled imager of
Figure 1(c) is given by θ1 = λ/L1 = (L2/L1)θ2. In the
wavefront coding system whose working distance is
f1, the minimum resolvable angle is given by θ3 =
∆l3/f1, which may also be written as

θ3

⎛1
= ⎜
⎝ uc

⎞⎛ λf 2 ⎞⎛ 1 ⎞
⎟⎜
⎟⎜ ⎟
⎠ ⎝ L 2 ⎠⎝ f1 ⎠

(9)

When object distances are very large and the image
forms at the focal plane of the wavefront coding
imager, there is no misfocus and no reduction in
bandwidth, implying θ3 = θ2. The minimum
resolvable angle of the OSQ phase mask system and
that of the scaled imager are related to each other by
the expression θ3 = (1/uc)(f2/L2)(L1/f1)θ1, or θ3 =
θ1/uc when the two systems have the same F/#. The
trade-off in terms of spatial frequency and angular
resolution when enhancing the form factor of an
imaging system with an OSQ phase mask is thus a
function of the ratio of the F/# of these two systems.

C. Criteria for Form Factor Enhancement
In reducing the working distance of an imager with
an OSQ phase mask, it is assumed that object
distances are considered much larger than the focal
length of the imager leading to zero misfocus at the
focal plane. Capturing the image at a location
between the lens and the focal plane therefore
results in a fixed negative value of misfocus whose
magnitude grows monotonically as the working
distance is reduced.
This misfocus causes a
reduction in the spatial frequency bandwidth and
the restoration process recovers only those portions
of the signal which lie within the passband of the
imager.
From Eq. (7), it is clear that large magnitudes of
misfocus result in a greater degree of bandwidth
reduction, while raising the strength α of the phase
mask can help counteract this spatial-filtering
effect. An upper bound on this value of α is
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established by the premium imposed by the
reconstruction process and the permissible thickness
of the phase mask. On the other hand, a minimum
value of the strength of the OSQ phase mask system
is necessary to achieve spatial frequency and
angular resolution comparable to that of a scaled
imager with the same working distance.
The performance of an OSQ phase mask imager
represented by Figure 1(b) is compared with that of
a scaled imager shown in Figure 1(c) to obtain a
lower bound on α. Eq. (9) requires that the
condition uc ≥ (f2/L2)(L1/f1) must be met for the
OSQ phase mask imager to have a spot size and
hence spatial frequency and angular resolution
equal to that of the scaled imager. The additional
constraint of uc ≤ 1 leads to the conclusion that the
F/# of the wavefront coding imager must be lower
than that of the scaled imager for the two systems to
maintain resolution parity. When the two systems
have the same F/#, working distance reduction is
realized at the expense of spatial frequency and
angular resolution. The lower bound for α that is
necessary for the wavefront coding imager to meet
or exceed the resolution of the scaled imager is
obtained by substituting the value of ψ from Eq. (3)
into Eq. (7) with the assumption that do >> f. This
lower bound is then given by
α≥

⎛ f2
⎞
πL 2
⎜ − 1⎟ ; ( f1/L1 ) > ( f 2 /L 2 ) (10)
4λ ⎡⎣( f1/L1 ) − ( f 2 /L 2 ) ⎤⎦ ⎝ f1
⎠

The above condition for α will yield an OSQ phase
mask imaging system with the same or better
angular resolution over a scaled imager for identical
working distances. Light collection by the former
will be greater by a factor of (L2/L1)2, thereby
enhancing the overall optical SNR of the system.
Maintaining a non-negative value of α in Eq.
(10) necessitates that the term (f1/L1)–(f2/L2), which
is the difference between the two F/# values, must
be a positive quantity. When the F/# of the
wavefront coding system approaches that of the
scaled imager, the minimum value of α required for
spatial frequency and angular resolution parity tends
to infinity when f1 < f2. Therefore when misfocus is
present, resolution parity is achieved only if the
OSQ phase mask imager has a lower F/# than that
of the scaled imager. Large values of α can help

ease the burden of relative F/# reduction required
for resolution parity.
Figure 3 illustrates simulated imaging by an
OSQ phase mask imager at various working

Fig. 3. Simulated flat form factor imaging by an OSQ phase
mask system. The left column depicts the intermediate images
formed at the image capture plane and have been translated to
offset the lateral shifts due to the phase of the OTF. The right
column illustrates the final images after digital reconstruction.
The rows from top to bottom represent images captured by a
10-bit detector at dc = 0.8f, dc = 0.641f (ψ = –α), dc = 0.6281f
(ψ = –α–4π) and dc = 0.5f respectively. A 2x reduction in
working distance (dc=0.5f) resulted in severe noise in the
reconstructed image due to a greatly lowered MTF. Image
scales have been normalized to enable comparison of similar
object features in the scene. The value of α was set at 70π.

distances. The simulation takes into consideration
the scaling of the image as the detector is brought
closer to the lens. However, the images shown in
the figure are normalized in scale to facilitate
comparison of similar object features in the scene
under various imaging configurations.
The second row in Figure 3 simulates imaging
under the special case of ψ = –α. Examining the
intermediate and final images, it is evident that the
greater dynamic range due to the raised MTF at the
above value of misfocus results in an intermediate
image that bears a greater resemblance to the
diffraction-limited image than those images formed
at other planes. The noise gain in the restored final
image is thus much smaller than in those
reconstructed from intermediate images captured at
other misfocus values.
The third row in Figure 3 represents imaging
when ψ = –α–4π. This value of misfocus marks the
outer edge past the raised MTF on the doublediamond pattern in the AF magnitude plot. This
outer edge can be considered as the limit of the
system’s imaging capabilities. At misfocus values
past this point, the MTF would have degraded
considerably such that reconstruction would
introduce substantial noise in the final image, as
shown in the last row of Figure 3. The design range
that defines this limit of the imager is discussed
next.

4. Imager Design and Trade-off Evaluation
It was previously seen that the utilization of
wavefront coding techniques in the design of an
imaging system enlarges the system trade space of
the design process. This increase in the degrees of
freedom comes from the presence of the parameter
α and the fact that the image capture plane can be
different from the diffraction-limited imaging plane.
One or more of these new system parameters may
then be regulated to optimize imager performance
for a specified application. The design range of the
OSQ phase mask imaging system and the trade-off
between resolution and light collection are
discussed here.
A. Design Range
The conditionality of Eq. (7) in the form of an upper
bound for the magnitude of misfocus hints at a limit
to the extent of working distance reduction possible
Submitted for publication / APPLIED OPTICS
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in the OSQ phase mask imager. The doublediamond pattern in the AF magnitude plot marks the
operating region of the OSQ phase mask system
where imaging is possible. The imager is said to be
functioning within its design range when the radial
line representing the working value of misfocus
falls within the double-diamond pattern in the AF
magnitude plot representing regions of large power.
The radial line passing through the center of the
dark bands indicating raised MTFs on the AF
magnitude plots that flank the operating region
correspond to misfocus values of ψ = ±α. When |ψ|
< α, the bandwidth reduces or the MTF width
shrinks as the misfocus magnitude is increased.
Under this condition, the magnitudes of the MTFs
are invariant to misfocus within the passband of the
system. At the locations where the MTFs are raised
and |ψ| = α, the bandwidth uc shrinks to a
normalized value of ½ or one-half the diffractionlimited spatial frequency bandwidth. At this point,
the tails HT(u, ψ) no longer contribute to the MTF
and the dynamic range is supplied by I3(u, ψ) alone
(or I1(u, ψ) in applications where the misfocus is
positive). When the misfocus magnitude is elevated
past the strength of the cubic phase mask, the sinc
term in I3(u, ψ) begins to weigh in and the
magnitude of I3(u, ψ) starts to sink to the noise
floor. The point at which the magnitude of the term
I3(u, ψ) has degraded to such an extent as to make
reconstruction infeasible is one method to quantify
the bounds on the imaging capabilities of the OSQ
phase mask system.
The general expression for the normalized OTF
of a defocused conventional imaging system
expressed using the normalized frequency
coordinate system along one dimension is given
by,16
⎧
⎡ 4ψ
⎤
⎪(1 − u ) sinc ⎢ u (1 − u ) ⎥ ; − 1 ≤ u ≤ 1 . (11)
H ( u, ψ ) = ⎨
⎣ π
⎦
⎪0
; otherwise
⎩

As seen from Eqs. (6) and (11), the magnitude of
I3(u, ψ) is very similar in nature to the MTF of a
conventional imaging system in that both have a
triangle function multiplied by a misfocusdependent sinc term. The behavior of the term I3(u,
ψ) about the misfocus value of ψ = –α may
therefore be analyzed in a fashion akin to the
8
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analysis of the MTF of a conventional imager about
a zero-misfocus value. The Hopkins tolerance
criterion for conventional imaging systems
establishes that the ratio between the defocused
MTF and the diffraction-limited MTF at any given
spatial frequency must be at least equal to 0.8.17

Fig. 4. Design range of the OSQ phase mask imager. Plot (a)
shows the MTF when ψ = –α–4π, along with the magnitude of
I3(u, ψ), which touches down onto the spatial frequency axis at
uz = ±¼. The corresponding misfocus radial line on the AF
magnitude plot (b) demarcates the boundary of the region
within which imaging is possible. The value of α was taken to
be 30π.

While the Hopkins criterion is often used in
conventional imagers to distinguish an in-focus
condition from an out-of-focus case, the element of
digital reconstruction in the wavefront coding
system allows for a greater drop in the MTF before
restorability is lost. One measure of the limits of
imaging capability of the OSQ phase mask system
may then be taken as the point where the design
range is considered to extend past the raised MTF
and up to the defocus value that causes the first null

in the magnitude of I3(u, ψ). On the AF magnitude
plot, this condition corresponds to the outer edge of
the dark bands about the raised MTFs. The MTF at
this point is still non-zero due to the contribution of
I2(u, ψ) and therefore, restoration is in principle
possible. Figure 4 shows the MTF of the OSQ
phase mask imager operating at the edge of the
design range, along with the radial line on the AF
magnitude plot representing the operating value of
defocus at this edge.
In a conventional imaging system, the MTF
touches down at the spatial frequency axis inside
the diffraction-limited bandwidth when |ψ| = π.
This may easily be verified analytically by setting
the OTF equal to zero and evaluating the spatial
frequency and misfocus values at which this
condition occurs. The trivial case of the MTF
dropping to zero at the resolution limit of u = 1 is
disregarded. When the MTF H(u, ψ) touches down
at the spatial frequency axis inside the passband, the
term sinc[(4uψ/π)(1 – |u|)] reduces to zero, or
sin ⎡⎣ 4uψ (1 − u ) ⎤⎦ = 0 ; 0 < u < 1

(12)

Since the MTF is symmetric about u = 0, it is
sufficient to consider the range of 0 < u < 1. Eq.
(12) then leads to the condition

4ψu (1 − u ) = ± mπ ; m = 0,1,2,...

(13)

The case of m = 0 is ignored as it implies u = 0 or u
= 1 or ψ = 0. Working distance reduction implies a
negative misfocus and therefore Eq. (13) may be
further reduced to

4 ψ u (1 − u ) = mπ ; m = 1,2,...

(14)

The above expression is a quadratic equation in u
which may be rewritten as

mπ
u −u +
4ψ
2

= 0 ; m = 1, 2,...

(15)

whose roots are given by
uz

=

1 1
mπ
±
1−
2 2
ψ

; m = 1, 2,...

(16)

For uz to be real, the condition 1 – (mπ/|ψ|) ≥ 0 must
be satisfied. This condition implies that nulls
appear in the MTF of a conventional imager when

ψ

≥ mπ ; m = 1,2,...

(17)

Therefore, the minimum value of |ψ| at which uz is
real yields the misfocus magnitude at which the first
null appears in the MTF. This null appears for m =
1 and |ψ| = π. The normalized spatial frequency
where this first null occurs is at uz = ½, or more
generally along the u-axis, at uz = ±½.
A similar analysis on the magnitude of the term
I3(u, ψ) of the OSQ phase mask imager may be
performed wherein |I3(u, ψ)| = 0 is evaluated. In
this case, the behavior of |I3(u, ψ)| about ψ = –α is
studied to quantify the extent to which imaging is
possible beyond the raised MTF.
Here the
symmetry of |I3(u, ψ)| about u = 0 is once again
exploited and only the positive u-axis is considered.
Setting |I3(u, ψ)| = 0 implies that

⎡
⎛1
⎞⎤
sin ⎢ 4u ( ψ + α ) ⎜ − u ⎟ ⎥ = 0 ; 0 < u < 1 (18)
⎝2
⎠⎦
⎣
Using the same conditions as in the conventional
imaging case, the above expression yields
⎛1
⎞
4 α + ψ u ⎜ − u ⎟ = mπ ; m = 1, 2,...
⎝2
⎠

(19)

The above quadratic equation in u may be
rearranged as

u2 −

u
mπ
+
2 4 α+ψ

= 0 ; m = 1, 2,...

(20)

The roots of u in Eq. (20) are then given by
uz

=

1 1 1
mπ
±
−
4 2 4 α+ψ

; m = 1, 2,...

(21)

To obtain a real value of uz, the discriminant in the
above equation must be non-negative, requiring that
|α + ψ| ≥ 4mπ. Since the misfocus is negative, the
term |α + ψ| may be expressed as |α – |ψ|| and the
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criterion of a non-negative discriminant may be
restated as

ψ
ψ

≥ α + 4mπ ;
≤ α − 4mπ ;

ψ ≥ α ⎫⎪
⎬ ; m = 1, 2,... (22)
ψ < α ⎪⎭

When the above conditions are encountered, the
first null appears in |I3(u, ψ)| for m = 1 and a
misfocus magnitude of |ψ| = α ± π. The normalized
spatial frequency at which this null occurs is given
by uz = ¼, or more generally along the u-axis, at uz
= ±¼.
Beyond the raised MTFs, the radial line for
misfocus at which the first null appears in the
magnitude of I3(u, ψ) may then be considered as the
design limit of the imaging system. The system
hence stays within its design limit when

ψ

≤ α + 4π

p ≥

(24)

Eq. (23) also helps obtain an expression for the
maximum aperture size that can be attained for
fixed values of α, p and F/#. The upper bound for
aperture width is given by

L2

10

≤

4λ ( F/# ) ⎛ p ⎞
⎜
⎟ ( α + 4π )
π
⎝1− p ⎠

F/# ≥

⎛1− p ⎞
πL 2
⎜
⎟
4λ ( α + 4π ) ⎝ p ⎠

(26)

Working distance reduction must then be achieved
within the bounds described by Eqs. (24) through
(26) to ensure operation within the design range.
Figure 5 shows the spatial frequency bandwidth
as a function of working distance for various

(23)

The above requirement also quantifies the extent of
working distance reduction possible and the
constraints on various design parameters such as the
F/# and aperture size.
The normalized working distance p of an OSQ
phase mask imager represented by Figure 1(b) is the
distance of the detector from the lens expressed as a
fraction of the focal length when the diffraction
limited image plane coincides with the focal plane.
This normalized working distance is then given by
the relation p = dc/f2. Form factor enhancement
then implies that 0 < p ≤ 1. Employing the
definition of ψ given by Eq. (3) into the limiting
criterion for misfocus shown in Eq. (23) along with
the assumption that do >> f2, the lower bound for
the working distance is quantified, namely

πL 2
πL 2 + 4λ ( F/# )( α + 4π )

Similarly, it is seen that for specified values of α,
working distance and aperture size, the minimum
value of F/# that must be used in the design is

(25)
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Fig. 5. Bandwidth versus working distance for an OSQ phase
mask imager. The normalized spatial frequency bandwidth is
shown plotted against the working distance for various
configurations of the wavefront coding system.
The
bandwidth curves are shown for working distances such that
|ψ| ≤ α.

configurations of an OSQ phase mask imager with
aperture size and focal length normalized to that of
a baseline system shown in Figure 1(a). The family
of curves corresponds to various configurations of
the OSQ phase mask system represented by Figure
1(b).
An alternative perspective of imager
performance is provided by examining the
degradation in angular resolution as the detector is
moved towards the lens. Figure 6 demonstrates the
worsening of the angular resolution of the OSQ
phase mask imager as its working distance is

reduced. The solid lines correspond to the angular
resolution of a conventional imager for different

Fig. 6. Angular resolution versus working distance of an
OSQ phase mask imager.
The plot shows various
configurations of the wavefront coding imager wherein the
angular resolution worsens as the working distance is reduced.
The solid curves represent the angular resolution of
conventional imaging systems with specified F/#. Each curve
of the wavefront coding system extends up to the point where
the magnitude of misfocus equals the strength of the phase
mask.

values of F/#. Angular resolution curves for various
values of α, aperture size, and F/# are displayed.

B. Treatment of Space Variant Point Spread
Functions when |ψ| ≈ α
Mathematical evaluation of the frequency response
of an OSQ phase mask imager has shown that the
special case of |ψ| = α results in an enhanced
dynamic range of the imager.12 However, the
attractiveness of this special case in terms of
improved noise handling characteristics is offset by
the fact that the MTF varies noticeably with respect
to misfocus about |ψ| = α. The question then arises:
Is there a way to operate about |ψ| = α and take
advantage of the enhanced dynamic range of this
imager while managing the complications
associated with space-variant point spread functions
(PSFs)? This section briefly describes an approach
to exploit the enhanced dynamic range of the OSQ

phase mask imager when the MTF across the image
plane is space-variant in nature.
The analyses of the various systems performed
thus far mainly considered the case where the entire
image was treated as being subjected to a single
impulse response or PSF. In other words, the onaxis PSF was applied to all points on the image.
Such an assumption disregards the fact that
aberrations may cause the PSF at locations away
from the optical axis to differ, sometimes
significantly, from the on-axis PSF.
It was
previously mentioned that the relative invariance of
the OTF to defocus brought about by wavefront
coding results in an ability to correct a host of
aberrations present in the system.7-11 Researchers
have described the use of wavefront coding in terms
of an enlargement of the focus budget which can be
allocated for several uses.7 In this viewpoint, a
portion, or all, of the focus budget can be utilized to
rectify focus-related aberrations.
One tradeoff between a conventional imager and
a wavefront coding system with a cubic phase mask
is that the latter has a greater degree of insensitivity
to misfocus and therefore an enhanced capacity to
address aberrations, while the former has a much
better dynamic range. Aberrations such as field
curvature or astigmatism result in a spatially
varying magnitude of misfocus, thereby yielding a
space variant PSF.
If the aberration-related
misfocus at all points of an image were confined to
a known range of ψmin ≤ ψ ≤ ψmax, where ψmin and
ψmax are the minimum and maximum misfocus
values present in the system respectively, then a
wavefront coding system can be designed such that
MTFs falling inside the design range and within a
specific angular section of the AF constitute the
operating region of the imager. If the MTFs vary
little within this operating region, a single MTF
could be used as a reference for reconstructing the
intermediate image. Since the height of the MTFs
of cubic-pm systems are nearly constant over all
defocus values within the passband and the design
range, most applications utilizing this phase mask
system tend to fall in this category. On the other
hand, if the MTFs differed appreciably within this
operating region, as it would if one were to operate
an OSQ phase mask imager in the vicinity of |ψ| =
α, then the image could be divided into isoplanatic
areas within each of which the MTF is considered
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invariant. Such a system though not invariant to
defocus over the span of the image, still allows
digital reconstruction techniques to be applied to the
intermediate image since all the MTFs within the
operating region lend themselves to the restoration
process, albeit with different restoration filters.
This is in contrast to a conventional imager where
even small magnitudes of misfocus would result in
nulls in the MTF thereby precluding any restoration
efforts. The extended operating region of the OSQ
phase mask imager over that of a conventional
imager as seen from the AF plot of the latter thereby
allows the treatment of space variant PSFs wherein
its enhanced dynamic range may be exploited even
when the MTFs vary appreciably from one location
to another across the image plane.
Figure 7 describes the treatment of space variant
impulse responses due to aberrations in an image.
A general example involving Petzval curvature or
field curvature is shown.
Petzval curvature
describes the phenomenon where the actual
diffraction-limited image (in the absence of other
aberrations) forms on a curved surface rather than
on a flat plane. The curvature of the field generally
increases as the F/# of the lens is made smaller. In
the schematic shown in Figure 7(a), the on-axis
distance AB between the image capture plane and
the surface on which the diffraction-limited image
would form differs from its off-axis counterpart
denoted by the distance CD. This difference in
distance results in the two image points
experiencing varying amounts of defocus and
therefore differing impulse responses. For cubicpm systems where ψmin and ψmax are both within the
design range, this variation in defocus means that
there is a difference in spatial frequency bandwidth
across the image, but the magnitude of the inverse
filter remains fixed within the passband. However,
in an OSQ phase mask imager operating in the
vicinity of |ψ| = α, there is an appreciable difference
in the shape of the MTFs at different image points.
If the field curvature is large and the on-axis
misfocus has a greater magnitude than any off-axis
misfocus, then the on-axis defocus could be taken
as ψmin and the system designed such that α = –ψmin.
The location where the defocus differs from ψmin by
the greatest amount would then be ψmax and the
operating defocus at any point on the image surface
would lie between these two bounding values as

12
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seen in the AF magnitude plot of Figure 7(c). If
field curvature is small and the distance AB is less

Fig. 7. Spatial variation of PSFs due to aberrations. The
schematic in (a) shows the distance AB on the optical axis
between the image capture plane and the diffraction-limited
imaging surface different from the off-axis distance CD,
thereby resulting in variations in the PSFs at these two
locations. Schematic (b) represents the partitioning of the
image into isoplanatic regions within each of which the PSFs
are considered to be linear and shift invariant. All misfocus
values due to this variation across the image fall between ψmin
and ψmax as seen in the AF magnitude plots of (c).

than CD, then the misfocus at the greatest off-axis
distance may be taken as ψmin and the system
designed accordingly.

Once the operating range of defocus values is
determined for a system with an arbitrary radius of
field curvature, the image could then be divided into
isoplanatic regions within each of which the
variation of the impulse response is considered
negligible. Figure 7(b) shows a schematic of an
image divided into annular isoplanatic regions.
Researchers have described measures to partition
images into isoplanatic regions and apply
restoration filtering techniques in the presence of
Each
spatially varying impulse responses.18,19
region in the partitioned image is then processed by
a different restoration filter corresponding to the
reference PSF of that region. Knowledge of the
exact MTF of the system for any given value of
defocus thus enables the formulation of
reconstruction filters for any specified region within
the image in the presence of space variant impulse
responses.

C. Constraints on the Strength of the OSQ
Phase Mask
The expression for the OTF of an OSQ phase mask
imager when the magnitude of misfocus equals the
strength of the phase mask indicates that the raised
nature of the MTF under this operating condition is
largely insensitive to the parameter α.
The
triangular shape of |I3(u, ψ)| when α = –ψ is
independent of the term α and therefore as long as
the misfocus equals the strength of the phase mask,
the imager always has one half of the diffraction
limited bandwidth available, with the height of the
MTF largely invariant to α . In theory, this would
suggest that the magnitude of misfocus could be
raised to an arbitrarily large value which could then
be corrected simply by designing the phase mask
with the appropriate strength to offset the effect of
defocus. However, in physical realizations of
imaging systems where the PSF and therefore the
MTF exhibits a large degree of spatial variation, an
upper bound on the strength of the phase mask
could be encountered.
When the magnitude of misfocus varies laterally
across the image to such an extent that the value of
ψmax as seen on the AF magnitude plot of Figure
7(c) falls in the region where the MTF is no longer
raised but has a stationary value of (π/8α)1/2,
restorability of the intermediate image begins to be
affected by the height of the MTF for the

corresponding operating value of misfocus. Since
this MTF height is inversely proportional to the
strength of the phase mask, raising the value of α
adversely affects the restoration process by
lowering the MTF to such an extent that
reconstruction introduces a significant amount of
noise in the final image. The design of this
wavefront coding imager must therefore take into
account any spatial variation of the PSF that might
affect the subsequent reconstruction process.

5. Conclusion
The prerequisites for working distance reduction
discussed at the beginning of this paper introduce
the class of phase masks that are potential
candidates for enhancing the form factor of an
imaging system. The mathematical expression for
the actual OTF of the odd-symmetric quadratic
phase mask provides a foundation for the design of
a flat form factor wavefront coding imager using
this mask. Knowledge of this OTF and the
corresponding
available
spatial
frequency
bandwidth of this system as a function of its
working value of misfocus provide a better
understanding of the tradeoffs involved in the
design process. The frequency analysis also enables
the quantification of the operating limits of the
imager in terms of the design range and the
corresponding bounds on various system
parameters.
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