Enhancing form factor and light collection of multiplex
imaging systems by using a cubic phase mask
Manjunath Somayaji and Marc P. Christensen

The bulky form factor of traditional optical sensors limits their utility for certain applications. Flat
multiplex imaging-sensor architectures face the light-gathering challenges inherent with small collection
apertures. We examine a wavefront-coding approach wherein a cubic phase mask is used to increase the
aperture sizes of multiplex imaging systems while maintaining the distance from the lens to the detector
array. The proposed approach exploits the ability of cubic-phase-mask systems to operate over a large
range of misfocus values. An exact expression for the optical transfer function of cubic-phase-mask
systems is presented, and its misfocus-dependent spatial-filtering properties are described. Criteria
for form-factor enhancement are assessed and trade-offs encountered in the design process are
evaluated. © 2006 Optical Society of America
OCIS codes: 110.4850, 070.6110.

1. Introduction

In recent years imaging systems have seen the introduction of computational techniques that share the
image-formation processing between optics and electronics. Three approaches in this area have been
identified, namely wavefront encoding, multiplex imaging, and feature extraction.1 Building imagers with
thin profiles has been one motivating factor for investigating multiplex imaging systems. The physics
of image formation dictates that the working distance
of a single-lens, single-aperture conventional imager
be no shorter than its focal length. Limitations imposed by realizable values of the F兾# of a lens would
require that the focal length and therefore the working distance be at least as long as the diameter of the
lens. A conventional imager with an aperture width
of tens of millimeters would thus be at least tens or
even hundreds of millimeters thick. On the other
hand, a multiplex imager whose aggregate lightcollection area is equivalent to that of the conventional imager mentioned above could be made just a
few millimeters thick, thereby achieving form factors
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that are flatter by an order of magnitude. Tanida et
al. presented the concept and experimental verification of a system called TOMBO (thin observation
module by bound optics) in which a multiplex imaging setup is employed to achieve a thin optical
configuration.2 Different approaches to ultraflat
image-acquisition sensors based on artificial compound eyes have also been studied.3
Multiplex imaging systems use arrays of individual
imaging units (subimagers) to capture several simultaneous low-resolution images with subpixel
offsets.1–3 These low-resolution images are then processed by reconstruction algorithms to generate one
or more high-resolution images as the final output.
Typically, each subimager is a miniature version of
its baseline bulky counterpart, with physical dimensions reduced by an order of magnitude or more. Such
multiple-aperture systems can be made conformal to
the surfaces they are mounted on, thereby benefiting
numerous applications and possibly creating new
ones. They also have the advantage of modular extendibility and can work in conjunction with sophisticated adaptive algorithms that incorporate
information-theoretic techniques.
One drawback of the multiple-aperture approach
to imager thickness reduction is that such systems
are inherently light starved.4 In other words, each
subimager has a vastly reduced light-gathering capability compared with a large single-aperture
imager. This reduction of photon count causes a lowering of the optical signal-to-noise ratio (SNR) of the
system. While light-gathering and SNR issues make
1 May 2006 兾 Vol. 45, No. 13 兾 APPLIED OPTICS
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depicts such a system. In their seminal paper Dowski
and Cathey5 provided an approximate expression
for the OTF of a cubic-pm system, based on the
stationary-phase method. Marks et al. have also described an expression for the point-spread function
(PSF) of a cubic-pm system based on an infiniteaperture approximation.7 However, the values of misfocus encountered in the configuration described in
this paper tend to be at least an order of magnitude
higher than those analyzed previously. Numerical
stimulations show that such large values of misfocus
lead to a reduction in the spatial-frequency bandwidth. Extreme misfocus therefore causes the cubic
phase mask to act as a low-pass spatial filter. A better
understanding of its spatial-filtering properties thus
requires an analysis of the exact OTF of cubic-pm
systems. Here an exact expression for this OTF is
determined, which holds for all values of misfocus.
This result is then used to design a cubic-pm system
with working distances shorter than its focal length.
The performance of this system is compared with that
of a scaled standard imaging system with the same
working distance and hence a smaller aperture. The
trade-off between bandwidth reduction and improvement in light collection by using this wavefront-coded
approach is evaluated.
2. Spatial-Filtering Properties of the Cubic
Phase Mask
A.
Fig. 1. Conventional imaging system with a large aperture (a), is
converted to a cubic-pm system with a reduced working distance
(b), whose performance is compared with that of a scaled imager
(c) with the reduced working distance. The setup in (b) results in
increased light collection by a factor of (L2兾L1)2 over the system
in (c).

wide lens diameters attractive, wider lenses imply
longer focal lengths. The question then arises: Is
there a way to utilize a larger aperture lens in each
subimager, with its associated longer focal length
but at shorter working distances, thereby complementing the multiplex imaging approach to imager
thickness reduction? One answer may lie in wavefront encoding— engineering the pupil phase to yield
optical transfer functions (OTFs) with special properties.
Dowski and Cathey first described wavefrontcoded systems and showed that incorporating a cubicphase-modulation (cubic-pm) mask resulted in a
system with vastly improved misfocus tolerance.5
The OTF of such a system is relatively invariant in
magnitude to variations in misfocus and contains no
regions of zeros within its passband. Digital processing of the intermediate image with a simple linear
restoration filter is thus possible and yields an image
with a greatly improved depth of focus.
In this paper a cubic-pm system is analyzed
wherein the working distance of the imager is reduced to values less than its focal length.6 Figure 1
2912
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Resolution and Bandwidth Definitions

Since differing approaches to developing flat formfactor imaging systems will be compared, a brief overview of the definitions used to express resolution and
bandwidth in this paper are presented here. A rectangular aperture is considered for all imaging cases.
The relationship between the nonnormalized imageplane coordinate uun and the spatial frequency fX is
given by the well-known expression uun ⫽ difX,
where  is the wavelength of light and di is the distance from the pupil to the diffraction-limited image
plane.8 The cutoff spatial frequency with incoherent
illumination is then 2f0 ⫽ L兾di, where L is the
aperture width. For a specified wavelength and
image-plane location, the spatial frequency may be
expressed in normalized form as u ⫽ uun兾L ⫽ fX兾2f0
such that ⫺1 ⱕ u ⱕ 1. Comparison of the three systems in Fig. 1 is performed by normalizing their
spatial-frequency bandwidths to that of the baseline
imager of Fig. 1(a). All three systems shown in Fig. 1
therefore have a normalized spatial-frequency bandwidth of unit magnitude when f1兾L1 ⫽ f2兾L2 and the
image is formed at their respective focal planes.
When the image-capture plane of the cubic-pm
system is brought forward, the reduced spatialfrequency bandwidth uc is now expressed as a fraction of the diffraction-limited bandwidth of the
baseline imager, resulting in the bounds 0 ⬍ uc ⱕ 1.
Spatial-frequency-bandwidth reduction of the
cubic-pm system with shortened working distance
may also be viewed in terms of its final spot size.
The diffraction-limited spot size of a rectangular-

aperture standard imager is given by ⌬l ⫽ f兾L
⫽ F兾#, where f is the focal length of the imager. For
a given wavelength, the scaled imager of Fig. 1(c)
with aperture width L1 and focal length f1 and the
baseline imager of Fig. 1(a) with aperture width L2
and focal length f2 would both have the same spot size
if they have the same F兾#. For a cubic-pm system
with the image captured in front of the focal plane,
digital restoration results in a spot size that is larger
than the diffraction-limited spot size of the baseline
imager. This spot-size enlargement is inversely proportional to the bandwidth-reduction factor uc. This
wider spot size is described by the expression

B. Exact Optical Transfer Function of
Cubic-Phase-Mask Systems

The normalized OTF of a rectangular separable
cubic-pm system along one dimension can be calculated from first principles by analytically evaluating
the autocorrelation of the generalized pupil function.8,9 The generalized pupil function of this imaging
system with its cubic phase mask may be expressed
along one dimension as5
P共x兲 ⫽
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where ␣ is a positive design constant that controls the
phase deviation of the cubic phase mask and  is the
misfocus parameter defined as5

(1)

The spot size of the misfocused cubic-pm system is therefore 1兾uc times that of the system without misfocus.
A related measure of imaging performance is the
angular resolution or minimum resolvable angle .
For conventional rectangular-aperture systems,
this angle is described by the relation sin  ⫽ ⌬l兾f
⫽ 兾L. The angles involved are generally very small
so that sin  ⬇ . The smaller the value of , the better
the angular resolution. For the baseline imager of
Fig. 1(a) and the scaled imager of Fig. 1(c), we have
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Here u is the normalized spatial frequency such that
⫺1 ⱕ u ⱕ 1. The operators C( ) and S( ) represent the
Fresnel cosine integral and Fresnel sine integral, respectively. Their operands in Eq. (5) are given by
a共u兲 ⫽

(2)

Zero misfocus occurs at the focal plane wherein uc ⫽ 1
and f1 ⫽ f2, yielding 3 ⫽ 2. The relationship between
the minimum resolvable angle of the cubic-pm
system and that of the scaled imager is thus 3 ⫽
共1兾uc兲共f2兾L2兲共L1兾f1兲1, which reduces to 3 ⫽ 1兾uc
when the two systems have the same F兾#. Depending
on the ratio of the F兾# of the two systems, form-factor
enhancement by using a cubic phase mask could
therefore potentially involve a trade-off in terms of
spatial frequency and angular resolution.

冊

In the above equation L is the width of the aperture,
f is the focal length, do is the object distance from the
first principal plane of the lens, dc is the distance of
the image-capture plane from the second principal
plane of the lens, and  is the wavelength of light. The
analytically evaluated OTF is then given by
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2 ⫽ 兾L2 and 1 ⫽ 兾L1 ⫽ 共L2兾L1兲2, respectively. In
the cubic-pm system whose detector is at f1, spot-size
enlargement due to misfocus causes an increase in
this angle whereby 3 ⫽ ⌬l3兾f1, which may also be
expressed as
1
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The Modulation transfer function (MTF) is given by
the magnitude of the OTF and may be expressed as

ⱍH共u, 兲ⱍ ⫽
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sult. The OTF obtained by the stationary phase
method is given by5

H共u, 兲 ⫽
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Comparing Eq. (5) with Eq. (8), it is seen that the first
three terms are identical, save for the modulus operator on the normalized spatial frequency. The exact
OTF contains a fourth term, which consists of four
Fresnel integrals and a scale factor. For u, , and ␣
that satisfy (i) |a共ⱍuⱍ兲| ⬎ 1, |b共ⱍuⱍ兲| ⬎ 1 and (ii)
a共ⱍuⱍ兲 and b共ⱍuⱍ兲 have opposite signs, the magnitude
of this term varies about unity. Under these conditions, the stationary-phase approximation is quite
close to the exact OTF. Plots (a) and (b) in Fig. 2 illustrate the effect of misfocus on the arguments of the
Fresnel integrals. Plots (c) and (d) show the filtering
effect of the Fresnel integrals, yielding the actual
MTFs as seen in plots (e) and (f). Plots (g) and (h) depict
the magnitude of a simple linear restoration digital
filter used in the reconstruction process. Inspecting
plots (a) and (b) in conjunction with (e) and (f), we note
that the passband is seen to be the length along the
spatial-frequency axis where a共ⱍuⱍ兲 and b共ⱍuⱍ兲 are
opposite in sign. It is hence evident that knowledge of
 and ␣ allows the prediction of the point of departure
of the actual OTF from its approximation, thereby providing a measure of the available spatial-frequency
bandwidth for a given working distance.
C. Available Bandwidth and the Ambiguity Function

The fact that extreme misfocus reduces the usable
spatial-frequency bandwidth of a cubic-pm system is corroborated by inspecting its ambiguity function (AF) plot.
P. M. Woodward first described the AF as a mathematical tool that assessed the capability of radar systems to
accurately determine the range and velocity of a target.10
Brenner et al. showed that the AF of the generalized
pupil function of an optical system could be described as
a polar display of the OTF with the misfocus parameter
 as a variable.11 AFs of extended depth-of-field systems
show near invariance of the OTF with respect to misfocus
over a wide angular region about the horizontal axis.
Such systems can hence be recognized by simple inspection of their AFs.12 Here the AF is used to illustrate the
bounds on spatial frequencies determined by the exact
OTF of cubic-pm systems.
The two-dimensional AF of an imaging system
with a rectangularly separable one-dimensional
phase mask Pm共x兲 may be expressed as5,11
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(9)
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where the symbol * denotes the complex conjugate.
The OTF of the above system is given by
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Examining Eqs. (9) and (10), it is seen that the AF
A共u, v兲 of an optical system is related to its OTF
H共u, 兲 as
H共u, 兲 ⫽ A共u, 2u兾兲.

(11)

For a given value of , the corresponding OTF in the
AF plot is therefore the projection of the radial line
with slope 2兾 onto the horizontal u axis. The twodimensional AF is thus the plot of the onedimensional OTF for all values of misfocus.
Figure 3 shows the plots of magnitude of the AF for
a conventional imaging system and a cubic-pm system. Dark shades in the figure denote regions of large
power. Inspecting the plot of the standard system, it
is seen that most of the power is concentrated around
the horizontal axis. A radial line through the origin of
this plot that has zero slope and hence zero misfocus
represents the diffraction-limited MTF of the system.
When this radial line is rotated about the origin, the
resulting nonzero slope and its associated misfocus
value leads to a significant degradation in the magnitude of the OTF. Moreover, this MTF has nulls at a
number of frequencies, making restoration at these
points impossible. On the other hand, the AF of the
cubic-pm system shows that its OTF maintains significant insensitivity to large variations in misfocus
and has no regions of zeros within its spatialfrequency bandwidth.
Further inspection of the magnitude of the AF of the
cubic-pm system seen in Fig. 3 reveals that while the
cubic-pm MTF is insensitive to misfocus for a broad
range of values, this invariance is not unqualified. Specifically, large values of  lead to a reduction in the
spatial-frequency bandwidth. The analytically derived
OTF provides a means to quantify this spatialfrequency-bandwidth reduction. For cubic-pm systems
with negative misfocus, the magnitude of the cutoff
frequency uc in normalized spatial-frequency terms
can be measured at the zero-crossing points of the
function b共ⱍuⱍ兲, since at these points the value of the
contribution of the Fresnel integrals is one half its
stationary value of unity within the passband. This
cutoff frequency is then given by uc ⫽ 1 ⫹ 共兾3␣兲. For
applications in which  is nonnegative, the cutoff

Fig. 2. Spatial-filtering behavior of a cubic-pm system. Left column, system with no misfocus ( ⫽ 0); right column, system with  ⫽ ⫺70;
first row, arguments of the Fresnel integrals; second row, contribution of the Fresnel integrals to the MTF; third row, MTFs; fourth row,
linear restoration filters used in the reconstruction process. The value of ␣ was set at 70.

would be determined by the zero-crossing points of
the function a共ⱍuⱍ兲. A general expression for the normalized available spatial-frequency bandwidth of
cubic-pm systems would then be
uc ⫽ 1 ⫺

ⱍⱍ , ␣ ⱖ ␣min.
3␣

(12)

Figure 4 illustrates the relationship between the
available spatial-frequency bandwidth and the zerocrossing points of the function b共ⱍuⱍ兲. Three values of

misfocus are presented. The lower-bound ␣min for the
strength of the cubic phase mask in Eq. (12) is required to ensure the validity of this bandwidth equation. This equation is valid for a system that operates
within its design range as defined by the region
within which a definite amount of spatial-frequency
bandwidth is available and therefore imaging is possible. When the system operates within this range,
the exact and the approximate OTFs are very close
to each other for a quantifiable portion of the
diffraction-limited spatial-frequency bandwidth. An1 May 2006 兾 Vol. 45, No. 13 兾 APPLIED OPTICS
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Fig. 3. Magnitude of the AF of (a) a conventional imaging system
and (b) a cubic-pm system. The radial line in the plots has a slope
of ⫺10, corresponding to a misfocus value of ⫺5.

alysis of this range and the corresponding limiting
values of various design parameters are discussed in
Section 3.
D. Form-Factor Enhancement

While employing wavefront encoding in multiplex
imaging systems, we assumed that object distances
are a few orders of magnitude larger than the system’s focal length. All images thus form nearly at the
focal plane in the absence of a phase mask and lead to
a nearly constant value of misfocus when the detector
plane is brought forward by a specified distance. For
image restoration, only that part of the signal within
the passband of the system as defined by the zerocrossing points of b共ⱍuⱍ兲 is recovered. A noise-free
optical system is herein assumed.
From Eqs. (6), (7), and (12), it is seen that a reduction in spatial-frequency bandwidth caused by large
values of  can be offset by using large ␣. However, ␣
is limited by the premium imposed by restorative
schemes and the permissible thickness of the phase
mask. On the other hand, the cubic-pm system must
have a certain minimum phase-mask strength to
achieve spatial frequency and angular resolution
comparable with those of a scaled imager. The difference in F兾# of the two systems plays an important
part in determining this minimum strength of the
phase mask.
A standard imaging system of aperture width L1
and focal length f1 is compared with a cubic-pm sys2916
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Fig. 4. Relationship between the zero-crossing points of the function
b(|u|) and the spatial-frequency bandwidth of the cubic-pm system as
seen from the AF magnitude plot. The expression for the available
spatial-frequency bandwidth given by Eq. (12) is valid as long as the
radial lines fall within the eye pattern seen in the AF plot.

tem of aperture width L2, diffraction-limited focal
length f2, and working distance dc ⫽ f1, as depicted in
Fig. 1. Here L2 ⬎ L1 and f2 ⬎ f1. For a cubic-pm system
with a spatial-frequency bandwidth cutoff of magnitude uc to obtain the same or smaller spot size and
hence equal or better spatial frequency and angular
resolution than those of the scaled imager, Eq. (2)
mandates that the condition uc ⱖ 共f2兾L2兲共L1兾f1兲 must
be met. Since uc ⱕ 1, it follows that f2兾L2 ⱕ f1兾L1 is
necessary to satisfy this requirement. Consequently,
parity in resolution is achieved only in the absence of
misfocus when the two systems have the same F兾#,
and working-distance reduction is realized at the cost
of spatial frequency and angular resolution. The

lower bound for ␣ required to achieve spatialfrequency and angular-bandwidth equivalence when
f2兾L2 ⬍ f1兾L1 is obtained by substituting the value of
 from Eq. (4) with the assumption that do ⬎⬎ f, and
uc from Eq. (12), and is given by

aⱖ

冉 冊

L22
f1
1⫺
.
12L1关(f1兾L1 ⫺ (f2兾L2)兴
f2
(f1兾L1) ⬎ (f2兾L2).

(13)

The above condition for ␣ will yield a cubic-pm system
with the same or better angular resolution over a
standard imaging system for identical working distances. The amount of light collected by the former
will be greater by a factor of 共L2兾L1兲2 owing to the
increased aperture size, thereby increasing the overall optical SNR of the system.
To maintain a nonnegative value of ␣ in Eq. (13), it
is seen that the term 共f1兾L1兲 ⫺ 共f2兾L2兲, which is the
difference of the two F兾# values, must be a positive
quantity. When the F兾# of the cubic-pm system approaches that of the scaled imager, the minimum
value of ␣ required to maintain spatial frequency and
angular resolution tends to infinity when f1 ⬍ f2. This
supports the assertion that a necessary condition for
form-factor enhancement without a compromise in
spatial frequency and angular resolution requires
that either the cubic-pm system have a lower F兾#
than that of the scaled imager or that misfocus be
absent i.e., f1 ⫽ f2. Large values of ␣ can help alleviate
the burden of the relative F兾# reduction required for
resolution parity. Additional benefits in the form of
the capability of correcting various aberrations are
also present with a wavefront-coding approach.13
Figure 5 shows simulated imaging by a cubic-pm
system at various working distances. The simulation
takes into account the scaling of the image as the
detector is brought closer to the lens. However, the
images shown in the figure have been normalized in
scale to enable comparison of similar object features
in the scene under various imaging configurations. As
a reference, had the detector plane been brought forward in a standard system by as little as 20% of the
focal length, the resulting PSF would be 2 orders of
magnitude larger than its diffraction limit, resulting
in significant image degradation.
3. System Design and Trade-Off Analysis

The inclusion of wavefront-encoding techniques in
imaging-system design increases the degrees of freedom or system trade space of the design process.13
The increase in the number of independent variables
and hence the dimensions of the trade space is due
primarily to the presence of the term ␣ and the fact
that images can be captured at locations different
from their diffraction-limited imaging planes, which
in the case of form-factor enhancement is the focal
plane. An understanding of the effect of these variables on system performance is necessary in optimizing the desired parameters and maximizing the

Fig. 5. Simulated flat form-factor imaging by a cubic-pm system
at various distances. The rows from top to bottom depict images
captured by a 10-bit detector at dc ⫽ 0.8f, dc ⫽ 0.6f, dc ⫽ 0.4f, and
dc ⫽ 0.2f. The left column shows the intermediate images formed
at the image-capture plane and have been translated to counter
the lateral shifts due to the phase of the OTF. The right column
depicts the final images after digital reconstruction. Image scales
have been normalized to enable comparison of similar object features in the scene. A reduction in working distance is accompanied
by a decrease in spatial-frequency content. A 5⫻ reduction in the
working distance (dc ⫽ 0.2f) exceeded the capabilities of this configuration. The value of ␣ was set at 70.

information content for a given scheme. Trade-offs
encountered in the design process are discussed next.
A.

Design Range

The expression for the available spatial-frequency
bandwidth given by Eq. (12) is valid for systems designed such that the radial line in the AF plot per1 May 2006 兾 Vol. 45, No. 13 兾 APPLIED OPTICS
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Substituting the above value of umax into b共ⱍuⱍ兲
and testing the threshold criterion, we see that
the system stays within its design limit when
 ⱖ 关3共9␣t兾4兲2兴1兾3 ⫺ 3␣. In the case of form-factor
enhancement, the misfocus parameter is a negative
quantity, and therefore this inequality may be restated as

冋 冉 冊册

ⱍⱍ ⱕ 3␣ ⫺ 3

9␣t
4

2 1兾3

.

(15)

The right-hand side of Eq. (15) must be a monotonically increasing nonnegative quantity with respect to
␣. This requirement quantifies the lower bound for ␣
in Eq. (12) and is achieved when
␣min ⫽

Fig. 6. Determination of design range. (a) Plots of b(|u|) for two
different misfocus values. The curve for  ⫽ ⫺70 indicates operation within the design range. The curve for  ⫽ ⫺194 fails to
meet the threshold criterion, indicating that the design range has
been exceeded. (b) Corresponding MTFs. (c) Corresponding misfocus radial lines in the AF magnitude plot.

taining to the working value of the misfocus falls
within the eye pattern representing the regions of
large power. Alternately, the system is said to have
exceeded its design range when the maximum value
of b共ⱍuⱍ兲 falls short of a threshold t, thereby preventing the corresponding Fresnel integrals from achieving a stationary value of 1⁄2. When b共ⱍumaxⱍ兲 ⱖ t,
where t is typically between zero and unity, the system is said to operate within its design range. Figure
6 illustrates the threshold criterion for determining
the design range of cubic-pm system.
Differentiating b共ⱍuⱍ兲 with respect to u and taking
advantage of the symmetry of b共ⱍuⱍ兲 about u ⫽ 0, we
obtain the maxima at
2918
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冉 冊
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In applications in which  is nonnegative, the symmetry of the AF shows that the same result can be
obtained by performing the above steps on a共ⱍuⱍ兲
wherein a共ⱍuminⱍ兲 ⱕ ⫺t is evaluated. This expression
for the maximum misfocus that the system can handle gives rise to a family of limiting inequalities for
the working distance, aperture size, and F兾#.
The normalized working distance p of the cubic-pm
system of Fig. 1(b) is taken as the distance from the
lens to the detector array, expressed as a fraction of the
distance from the lens to the diffraction-limited image
plane. For applications in which this diffractionlimited image plane is the same as the focal plane, the
normalized working distance is given by p ⫽ dc兾f2.
Operating at working distances less than or equal to
the focal length would imply 0 ⬍ p ⱕ 1. Incorporating
the definition of  given by Eq. (4) into the original
form of Eq. (15) and assuming do ⬎⬎ f2, we obtain the
lower bound for the working distance as

冉

pⱖ 1⫹

再 冋 冉 冊 册 冎冊

4共F兾#兲
9␣t
3␣ ⫺ 3
L2
4

2 1兾3

⫺1

. (17)

Equation (15) also helps describe the maximum aperture size that can be realized for fixed values of ␣,
p, and F兾#. The upper bound for aperture size is given
by
L2 ⱕ

冉 冊再 冋 冉 冊 册 冎

4共F兾#兲 p

1⫺p

3␣ ⫺ 3

9␣t
4

2 1兾3

. (18)

Similarly, it is seen that for given values of ␣, working distance, and aperture size, the minimum value
of F兾# that must be used in the design is
F兾# ⱖ

冉 冊再 冋 冉 冊 册 冎

L2 1 ⫺ p
4
p

3␣ ⫺ 3

9␣t
4

2 1兾3 ⫺1

. (19)

Fig. 7. Normalized spatial-frequency bandwidth versus working
distance for various configurations of a cubic-pm system. The bandwidth curves are plotted for the working distances permitted by
the design range.

Fig. 8. Angular resolution versus working distance for various
cubic-pm configurations. The solid curves represent the angular
resolution of a conventional imager with a fixed F兾#. Only those
operating points that lie within the design range are shown.

Working-distance reduction must then be achieved
within the bounds described by Eqs. (17)–(19) to ensure operation within the design range.
Figure 7 shows the spatial-frequency bandwidth
for various configurations of a cubic-pm system with
aperture size and focal length normalized to that of
the baseline system shown in Fig. 1(a). The family of
curves depicts various configurations of the cubic-pm
system illustrated in Fig. 1(b).
Another perspective of imager performance is provided by viewing angular-resolution degradation as
the detector is moved closer to the lens. Figure 8
illustrates the trade-off between the angular resolution of an imager and its working distance. The solid
curves correspond to the angular resolution of a conventional imager for different values of F兾#. Angularresolution curves for various values of ␣, aperture
size, and F兾# are shown.

these two inversely proportional parameters. Figure 9 shows the variation in this product as the working distance is lessened. Examining uc共L2兾L1兲2 or
uc兾p2 shows that the increase in light collection initially overcomes the loss of spatial-frequency resolution, but as the detector is pushed farther toward the
lens, this trend is reversed. This reversal occurs at
the maximum value of this product, which is at a
normalized working distance given by

B.

popt ⫽

再

3L2
2L2 ⫹ 24␣共F兾#兲
1

␣ ⱖ L2兾24共F兾#兲

.

otherwise
(20)

Trade-Off between Resolution and Photon Count

It has been shown that utilizing wavefront coding to
improve the form factor of imaging systems is accompanied by a penalty in terms of spatial frequency and
angular resolution when it is measured against a
scaled-imager approach with the same F兾#. On the
other hand, there is a much needed improvement in
photon count with the former approach. The choice of
an appropriate design may then be based on the relative importance placed on the spatial frequency and
the angular resolution versus the light-gathering capability required by the application at hand.
For a given F兾#, evaluating the product of the factor of reduction in the spatial-frequency bandwidth
and the factor of improvement in the light-collection
capability compared with a scaled approach may be
one method of quantifying the trade-off between

Fig. 9. Product of gain in photon count and loss of spatialfrequency resolution for various baseline aperture sizes, ␣ ⫽ 70,
and F兾2. As the working distance is reduced, the gain in photon
count exceeds the loss of spatial-frequency resolution up to the
trend reversal point highlighted by the star-shaped symbols.
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Fig. 10. Plot of normalized spatial-frequency bandwidth versus
working distance for various baseline aperture sizes, ␣ ⫽ 70, and
F兾2. The star-shaped symbols denote the points at which the product of gain in photon count and loss of spatial-frequency resolution
is at a maximum for a given baseline aperture size. The dashed
curve connecting these symbols is described analytically by
Eq. (21).

The normalized spatial-frequency bandwidth of the
cubic-pm system at this maximum is then

uopt ⫽

再

1
L2
⫹
3 36␣共F兾#兲
1

␣ ⱖ L2兾24共F兾#兲
otherwise

Figure 10 shows the above maximum points on the
spatial-frequency bandwidth versus the workingdistance curves for various baseline aperture sizes.
It is also seen that a reduction in the working
distance results in an increase in the minimum
resolvable angle and light-gathering capability simultaneously. The trade-off between loss of angular
resolution and increase in light-gathering capability
is another means of performance evaluation to determine an appropriate design. As the detector is moved
toward the lens, the minimum resolvable angle 3 as
well as the light-collection capability increase. One
choice of optimum operating point would then be the
location where the product 共1兾3兲共L2兾L1兲2 is at a maximum. Utilizing the expression for 3 from Eq. (2), it
is seen that maximizing this product is the same as
maximizing the ratio uc兾p2 for fixed  and baseline
aperture size L2. The resulting operating point is thus
the same as that given by Eq. (20). The angular resolution at which this product is a maximum is

3共opt兲 ⫽

册

24␣共F兾#兲
2
L2

2

␣ ⱖ L2兾24共F兾#兲

,

otherwise
(22)

where 2 is the diffraction-limited angular resolution
of the baseline imager. Figure 11 shows the above
optimum points on the angular resolution versus the
2920
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working distance curves for various baseline aperture sizes.
C.

.
(21)

再冋

Fig. 11. Plot of angular resolution versus working distance for
various baseline aperture sizes, ␣ ⫽ 70, and F兾2. The star-shaped
symbols denote the points at which the product of gain in photon
count and loss of spatial-frequency resolution is at a maximum for
a given baseline aperture size. The dashed curve connecting these
markers is described analytically by Eq. (22). The dotted curve
represents a conventional imager.

Design Example

The applicability of wavefront encoding to formfactor enhancement is herein illustrated with a design example in which the dimensions of the scaled
imager are based on the TOMBO system.2 Let Fig.
1(a) represent a single subimager of a multiplex imaging system with L2 ⫽ 500 m and f2 ⫽ 1300 m.
The wavelength of light is taken to be 500 nm. The
diffraction-limited spot size of this imager is then
1.3 m, and the angular resolution is 1 mrad. It is
assumed that diffraction rather than pixel size is the
limiting criterion for resolution.
A design goal of reducing the working distance to
one half the baseline while maintaining the F兾#
would traditionally require that the aperture be decreased to half its original size as shown in Fig. 1(c),
wherein f1 ⫽ 650 m and L1 ⫽ 250 m. The light
gathered by this scaled imager is now only a quarter
of the original amount, and while the spot size and
hence the spatial-frequency bandwidth remains unchanged, this spot size is at half the original working
distance, resulting in a coarser angular resolution of
2 mrad.
A wavefront-coding solution to this problem, as
shown in Fig. 1(b), would simply bring forward the
detector in the original setup without any aperture
reduction and would introduce a cubic phase mask
into the system. For this setup, dc ⫽ f1 ⫽ 650 m and
 ⫽ ⫺302.076. Choosing a value of 70 for ␣ yields a
spot size of 2.398 m, equating to a normalized
spatial-frequency bandwidth uc ⫽ 0.542, with a corresponding angular resolution of 3.689 mrad. Formfactor enhancement has thus achieved a factor-of-4
increase in light collection over the system of Fig. 1(c),
while trading spatial frequency and angular resolution by less than a factor of 2.

If bandwidth is to be traded for imager thickness,
the distance between the lens and the detector array
can be reduced to as little as 473 m or p ⫽ 0.364
before the design range is exceeded. This design
range is calculated by assuming t ⫽ 1. The increase
in light collection over the scaled imager outweighs
the loss of spatial frequency for working-distance
reduction up to a normalized working distance of
p ⫽ 0.471 or dc ⫽ 612 m, at which point the angular
resolution 3 is 4.37 mrad. To achieve spatialfrequency and angular-bandwidth parity with the
F兾2.6-scaled imager, Eq. (13) indicates that the
cubic-pm system would need to have a reduced F兾# of
1.41 for the stated value of ␣. It is hence evident that
the expanded system’s trade space allows for greater
freedom in the choice of parameters based on the
requirements of the application.
D. Constraints on ␣

Enhancing the form factor of imaging systems also
involves limitations in the form of an upper bound for
␣. Aperture sizes and hence working distances in flat
form-factor multiplex imaging systems are typically
an order of magnitude smaller than their baseline
single-aperture counterparts. This miniaturization
allows much less room to incorporate phase masks,
and hence care must be taken accommodate this fact.
The thickness of a cubic phase mask is governed by
the refractive index of the mask and the amount of
phase correction incorporated into the system. This
phase modification is controlled by ␣ and is designed
by using4
␣⫽

2
,


Fig. 12. Horizontal (a) and diagonal (b) slices along the twodimensional MTF of an F兾2.6 cubic-pm system with ␣ ⫽ 70,
showing signal degradation along the two directions. Plot (a) is
shown using the normalized rectangular frequency coordinates
(u, v) with v ⫽ 0, and plot (b) is displayed using the normalized polar coordinates (, ) such that  ⫽ (u2 ⫹ v2)1兾2 and  ⫽
tan⫺1 (v/u). Here  ⫽ 兾4 rad.

(23)

where  is the optical path difference introduced by
the cubic phase mask. The design of the system
should ensure that the thickness of the mask should
not exceed the intended working distance of the imager.
Increasing the strength (␣) of the cubic phase
mask raises its insensitivity to misfocus but has the
effect of lowering the MTF of the system. While the
analysis herein has assumed a noise-free system,
physical realizations of wavefront coding must take
into account the fact that a lowered MTF in conjunction with noise influences the restorability of
captured images. Researchers have studied the
trade-off between restorability and insensitivity to
misfocus.15 The restorability of an image should be
taken into consideration while employing wavefront coding to enhance the form factor of imaging
systems. Figure 12 shows a slice of the twodimensional MTF along the horizontal and diagonal
directions to indicate the signal loss for ␣ ⫽ 70.
The plot of the MTF along the diagonal shows the
worst-case signal drop. While the signal loss along
the diagonal may seem detrimental, researchers have
demonstrated that spectral signatures of a majority
of image categories tend to have a substantial per-

centage of the power concentrated on and around the
spatial-frequency axes.16 Such spectral distributions
would serve to alleviate the adverse effects of signal
loss along the diagonal directions.
4. Conclusion

The analytical expression for the exact OTF of
cubic-pm systems presented here describes the influence of misfocus on the spatial-frequency bandwidth
of such a system. Knowledge of this exact OTF is
helpful in designing flat imaging systems with enhanced light-collection and optical SNR properties.
This information is also beneficial in understanding
the trade-offs involved in the design process and can
facilitate judicious selection of system variables to
optimize performance of such systems.
Appendix A. Derivation of the Exact Optical Transfer
Function of Cubic-Phase-Mask Systems

For a generalized pupil function of the form P共x, y兲
⫽ exp关jkW共x, y兲兴, the two-dimensional OTF of a system in terms of normalized spatial frequencies (u, v)
is defined by8
1 May 2006 兾 Vol. 45, No. 13 兾 APPLIED OPTICS

2921

H共u, v兲 ⫽

冕冕

exp兵jk关W共x ⫹ u, y ⫹ v兲 ⫺ W共x ⫺ u, y ⫺ v兲兴其dxdy

Ꮽ共 u,

v兲

冕冕

,

(A1)

dxdy

Ꮽ共 0, 0兲

where Ꮽ共u, v兲 is the area of overlap of P共x ⫺ u,
y ⫺ v兲 and P共x ⫹ u, y ⫹ v兲. The numerator can be
considered as the nonnormalized OTF and the denominator as the normalization factor. For rectangularly
separable phase masks, a one-dimensional analysis is
sufficient. For the pupil function described by Eq. (3) in
Section 2, the nonnormalized OTF along one dimension may be written as a function of u and  as

H共u, 兲 ⫽ 共1兾2兲

冕

tion 2. Rearranging the limits of the integral and
applying Euler’s identity on the kernel allows us to
express the above equation as

冊册
冉 冊 冋冉
冋冕 冉 冊 冕 冉 冊
冕 冉 冊 冕 冉 冊册
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(A5)

which after some algebraic manipulation yields

冋冉

22u
H共u, 兲 ⫽ 共1兾2兲 exp j 2␣u ⫺
3␣
3

冋 冉 冊冉

 12␣u
⫻ exp j
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冊册冕


x⫹
3␣

1⫺ⱍuⱍ

The integrals are recognized as Fresnel cosines
and Fresnel sines. The nonnormalized OTF is then
given by

ⱍuⱍ⫺1

冊册
2

dx. (A3)

After application of a change of variables, the OTF
then becomes

冋冉
冉 冊冕

H共u, 兲 ⫽ 共1兾2兲 exp j 2␣u3 ⫺

⫻
12␣u

1兾2
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22u
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冊册

冉 冊

where a(u) and b(u) are defined by Eq. (6) in Sec-

d
du
lim H共u, 兲 ⫽ lim
u→0
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(A6)

To normalize the above term, we divided this result
by the denominator in Eq. (A1), which is obtained by
evaluating the above expression at u ⫽ 0. Since the
numerator and denominator of Eq. (A6) contain the
spatial-frequency term, L’Hospital’s rule is employed
on Eq. (A4) such that

22u
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冊册冕
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Differentiating by parts yields
lim H共u, 兲 ⫽ 2
u→0
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Since a共0兲 ⫽ b共0兲 ⫽ 0, the second term inside the
outermost parenthesis reduces to zero, leaving only
the first term. Leibnitz’s rule is used on this term to
obtain9
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The term subjected to the limit operator reduces to
unity, resulting in
lim H共u, 兲 ⫽ 1.

(A10)

u→0

Combining the above result with Eq. (A6) and utilizing it in Eq. (A1) then yields
H共u, 兲 ⫽

冉 冊

冉
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22u
 1兾2
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which is the analytical expression for the normalized
OTF of a rectangularly separable cubic-pm system
along one dimension.
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