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EMIS 8374 [Basic Solutions to Systems of Linear Equations]

Given a system of m linear equations with n variables
(n > m), a basic solution is found by setting n — m
nonbasic variables equal to 0 and solving for the

remaining m basic variables.

Note that the system of m equations with the m basic
variables will either have a unique solution or no solution.

Example
z—x1—2x9 = 0 (1)
Ty +ra+s5 = 4 (2)
T — 289+ 52 = 2 (3)
—2x1+ 29+ 83 = 2 (4)

Soln. Nonbasic Variables Basic Variables
1) T = To = 0

2) .7?2:(91:0

S1=4,8=2,8=2,2=0

=4, 5=-2,83=10,2=14

3) 51283:0 3?1:%,1]2:%,52:8,2:%
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The vector-matrix form of the system of equations (1)-(4):

21
1 -1 =2 0 0 0 1 0
0 1 1100 Ty | 4
0 1 -2010]|s| |2
0 -2 1 001 So 2
L s3]

Z X1 Ty S Sy S3

1 -1 -2 0 0 0]0] (Row0)
0 1 1 1 0 0[4 (Rowl)
0 1 2 0 1 0|2](Row2)
0 -2 1 0 0 1]2]| Row3)

We may use Elementary Row Operations (ero’s), to solve
a system of linear equations or to move from one basic

solution to another.

e Multiply any row of the matrix by a nonzero constant.
e Multiply any row, say i, by a nonzero scalar ¢ and add
the result to another row, say j.
For each column ¢, replace matrix element M, by

My + cM; where M, is the element in row r, column

c.!
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Using ero’s to make z; a basic variable
Add Row 1 to Row 0

Z X1 Ty S1 S2 S
1 0 -1 1 0 0]|4](Row0) 2=zt 8 =
0 1 1 1 0 04| ®Rowl) T+t s =
0 1 -2 0 1 0]2]|®Row2) —3zy—s1+ 5 = =2

Slide 5 02 1 0 0 1|2 (Row3) Slide 7 3y +2s1+s5 = 10

Add -1 x Row 1 to Row 2
Zz m Xy 81 Sy S3 Non-basic Variables: x5 and s;
1 0 -1 1 0 0 (Row 0) Basic Variables: Z,%1, S2, and sg
0 1 1 1 0 0 (Row 1) Basic Solution: z=4,x1=4,59=—-2,and s3 =10
0 0 -3 -1 1 0/|-2|(Row?2)
0 -2 1 0 0 1| 2| (Row3)
Original matrix:

s Z X1 Ty S S2 S3
Lo ot (Row 0) 1 -1 -2 0 0 0]|0]®Rowo)
oo oo (Row 1) 0 1 1 1 0 04| Rowl)
00 8 L 02 (Row) 0 1 2 0 1 0[2]Row?2)

Slide 6 Add 2 x Row 10to Piowiil B Slide 8 0 2 1 0 0 1f2]Rows3)

Matrix after x; becomes basic and s; becomes nonbasic:

zZ x Ty S1 S2 S3 s ar m s s s
Lot (Row 0) 1 0 -1 1 0 0] 4| (Row0)
oo ot (Row 1) 0 1 1 1 0 0| 4] (Rowl)
00 B A1 0] 2 (Row2) 0 0 3 -1 1 0]-2|(Row2)
0 0 3 2 0 1|10]| (Row3) 00 3 2 0 1]10](Row3)
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Z 1 T2 81 So S3
To make x5 basic and s3 non-basic, pivot on Row 3, Column 3. - 1l o
T T2 51 52 83 0 1 1 1 0 0| 4| (Rowl)
1 0-1.1 0 0] 4)(Row0) 0 0 3 -1 1 0]-2|(Row2)
0 1 1 1 0 0| 4]|(Rowl) 0 0 1 % 0 l} 1:7? (Row 3)
Slide 9 0 0 3 -1 1 0)-2)(Row?2) Slide 11 Eliminate x5 from Row 1. Add -1 x Row 3 to Row 1.
0 0 3 2 0 1|10]| (Row3)
Z X1 T2 S1 S22 S3
The pivot operation has two phases: first, we divide the pivot row by -
. . L o . 1 0 0 2 0 1|Z]|(Row0)
the pivot element. In this case, divide Row 3 by 3. In the second 3 3073
phase, we eliminate the variable in the pivot column from all rows 0 1 0 % 0 —% % (Row 1)
except the pivot row. In this case, we want to “zero-out” the x, 0 0 -3 -1 1 0]-2|(Row2)
column (except for Row 3).
0 0 1 % 0 %% (Row3)
Divide Row 3 by 3.
Z X1 T2 S1 S22 S3
zZ I Ty S1 S  S3 .
1 0 0 3 0 3|Z/|(Rowo0)
1 0 -1 1 0 0| 4| (Row0)
0 1 0 % 0 -1 2]([Rowl)
0 1 1 1 0 0] 4|(Rowl) 3 513
0 0 -3 -1 1 0]-2]|(Row?2)
0 0 -3 -1 1 0|-2|(Row?2) ) e
0 0 1 2 0 12| (Row3) 00 15 0 ]y | (Rows)
. : 3 i
Slide 10 L ' ' Slide 12 Eliminate x5 from Row 2. Add 3 x Row 3 to Row 2.
Eliminate x5 from Row 0. Add Row 3 to Row 1.
Z X1 T2 S1 S22 S3
Z Xy Ty S Sz S3 5
5 Ll o 1 0 0 3 0 3|Z/|(Row0)
1 0 0 3 0 3 3 (RO\V U) 1 1 5
0 1 0 = 0 -z| 2| (Rowl)
0 1 1 1 0 0 4]|(Rowl) 3 3103
0 0 0 1 1 1| 8|(Row2)
0 0 -3 -1 1 0]-2]|(Row2) 000 12 0 || (Rows)
2 s | 5 oW
0 0 1 %2 0 l} 17? (Row 3) 3 sbs
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Non-basic Variables:
Basic Variables:

Basic Solution:

+ 581 + S3 22
Z+t—+= = —
3 3 3
S1 S3 2
nt--= = =
T3 3 3
S1+S2+s3 = 8
- 28] + S3 - 10
2T T3 T3
s1 and s3
z, T1, Ta, and sy
11:%1352:17?-,52:8-,2:%




